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Abstract—The relentless scaling of semiconductor features
demands ever-greater precision in roughness characterization.
Here, we introduce an analytical SAXS simulation for periodic
transmission gratings that models line-edge roughness (LER)
by laterally shifting cuboid centers and line-width roughness
(LWR) via width modulation of each cuboid in a finite stack. By
summing the individual sinc form factors, we derive closed-form
diffraction intensities and compute the power spectral density
(PSD) directly in Fourier space, bypassing image discretization.
A vectorized implementation accelerates PSD extraction by over
two orders of magnitude compared to binary-FFT methods,
while accurately recovering the roughness parameters: root mean
square o, correlation length ¢, and Hurst exponent «. This
framework offers a rapid, non-destructive route to high-fidelity
roughness metrology for next-generation lithographic structures.

Index Terms—Roughness Characterization, Power Spectral
Density (PSD), Small Angle X-ray Scattering (SAXS)

I. INTRODUCTION

The continued scaling of semiconductor devices into smaller
and smaller nodes requires more sensitive and accurate tech-
niques for roughness characterization. Currently, methods such
as Critical Dimension Scanning Electron Microscopy (CD-
SEM) and Atomic Force Microscopy (AFM) are widely used
[1]. In these techniques, images of the nanostructure are first
acquired, and the roughness profile is then extracted algo-
rithmically. Acquiring many images allows for the selection
of statistically significant profiles. This profile is typically
characterized in the frequency domain by computing the power
spectral density (PSD) (see figure 2) of the roughness [5].
The PSD is defined as the squared magnitude of the Fourier
transform of the surface height (or edge) fluctuations, and
it provides a statistical representation of how roughness is
distributed over spatial frequencies.

Two kinds of roughness are often considered in these meth-
ods: Line Edge Roughness (LER) and Line Width Roughness
(LWR), as illustrated in figure 1.
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Fig. 1: a) LWR representation where the 30 variation is in
the measured width of the line. b) LER roughness of a line,
measured as a 30 deviation from a reference straight edge. [2]
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Crucial roughness parameters—including the roughness am-
plitude’s standard deviation (o), the correlation length (£), and
the Hurst exponent («)—can be determined from the PSD
when it is extracted along the relevant spatial direction [2],

[4].

An attractive alternative to the CDSEM/AFM imaging meth-
ods is offered by X-ray based techniques, notably Critical
Dimension Small Angle X-ray Scattering (CD-SAXS). Unlike
imaging methods, CD-SAXS measurements provide direct
access to the Fourier space (diffraction patterns) of the rough
nanostructure. We can directly access the frequency domain
and thus the PSD without the intermediate step of image
processing. [3]. However, extracting accurate roughness pa-
rameters from CD-SAXS remains challenging, as the signal
arising from surface roughness is often convoluted with other
structural features of the nanostructure.
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Fig. 2: a) Top view CD-SEM image with the red line indicating
the extracted roughness profile. b) Representation of power
spectral density (PSD) that can be derived from the profile. It
is used to extract the characterization parameters: o, «, and &.

II. PREVIOUS WORK

Reche et al. demonstrated that CD-SAXS measurements can
be used to extract roughness information from line gratings
[3]. Their simulation approach involves generating a binary
image of the grating and applying a fast Fourier transform
to compute the PSD at points where Bragg’s diffraction
spots are extinct (shown by a blue arrow in figure 3b).
While conceptually straightforward, this approach has few
limitations. The binary projection oversimplifies the inherently
three-dimensional nature of roughness, and the extracted PSD
is susceptible to resolution limits and discretization artifacts.
Moreover, if the pixel size is relatively large compared to the
small, fractional variations of the roughness, critical details
may be lost. To capture these nuances accurately, a smaller
pixel size is required, which can be computationally expensive.
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Fig. 3: a) Representation of line gratings and its roughness
in a binary image as used in simulations by Reche et al.
b) Fourier transform of the binary image. The blue arrow
represent an extinction point where the PSD can be extracted.

c) PSD obtained from the average of ten Fourier transforms
as presented in b).

ITII. ANALYTICAL MODEL

To address the limitations of earlier approaches, an ana-
Iytical model was conceived. It simulates diffraction from a
periodic line structure incorporating both line edge roughness
(LER) and line-width roughness (LWR). Each line is com-
posed of a stack of N identical cuboids ("cubes”) of width
a, height b, and depth Ay. For LWR, the cuboid widths are
modulated by the roughness profile, and for LER each cuboid

is laterally shifted by the corresponding roughness deviation.
(see figure 4).
The Form factor of a single cuboid then can be written as:

Fouve(kas by, k2) = sine (%) sine (245 ) sine (%) .

(D
Fourier transform for the case of LER then becomes:
N-1
Fstack<k) = Fcube<a: ba Ay) Z e—z [ky nAyths wn} ) (2)
n=0

where {w,, }N=! denotes a set of a stationary Gaussian rough-
ness profile.
In the case of LWR,
N-1
Fuack(K) = Y Feube(a,b, Ay +wy) e Fum 8V (3)
n=0
By summing the individual form factors, shifted or resized
according to the prescribed roughness profile, we obtain the
diffraction pattern of the grating (Fig. 5).
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Fig. 4: Cuboid model illustrating LER as shifts in the centers
of cuboids and LWR as variations in their widths.

A vertical cut through the extinction point of the resulting
diffraction image (shown in figure 5a) yields the PSD, analo-
gous to the binary-image method. This analytical framework
affords precise control over simulation parameters, such as
resolution and spatial extent, so that in figure 5a we present
a zoomed-in view over a narrow range of k, and k,, in
contrast to figure 3b. Such flexibility enables a tailored trade-
off between accuracy and computational cost. By choosing
a resolution sufficient to capture essential features without
unnecessary overhead, diffraction-image generation can be
accelerated by up to two orders of magnitude, making PSD
simulation both faster and more robust.

As shown in figure 5b, the analytical cuboid model exhibits
smaller deviations from the theoretical PSD and produces
fewer artifacts than the binary-image approach under identical
conditions (see figure 3).

Despite its advantages in speed and reliability, this tech-
nique cannot overcome all limitations of prior method. PSD
analysis remains confined to extinction points since elsewhere
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Fig. 5: a) Fourier transform of the LER analytical model with
extinction points indicated. b) PSD obtained by averaging the
Fourier transforms of ten lines at these points.

the signal is convoluted with other scattering components.
Similarly, accurate extraction of the roughness amplitude o
remains challenging. Indeed, the damping-factor approach of
Herrero et al. [6] offers a theoretical path to o, although
obtaining all the necessary experimental inputs with adequate
precision can be difficult.

While testing this technique, we observed that the PSD
signature is present across the entire diffraction pattern but
is heavily masked by the grating-structure signal, making it
visible only at the extinction points. This limitation motivated
us to develop a theoretical model for cube diffraction, which
will deepen our understanding of the various features in the
diffraction image and ultimately enable us to deconvolute the
PSD contribution more effectively.

IV. THEORETICAL MODELLING

We reviewed related formulations in the literature and found
that the work of Sinha et al. [7], which treats X-ray reflectiv-
ity from surfaces with Gaussian roughness. It parallels our
problem of transmission through line gratings. We therefore
adopted and adapted Sinha’s derivation to develop a more
accurate theoretical framework for our system.

Sinha et al. split the scattering cross section S(k, ky) in
the first-Born approximation into a specular (coherent) ridge
and a diffuse term,

Sepec (ks ky) = € 727" §(ky) (k). (4)
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where .Jj is the zeroth-order Bessel function.

We made the following further simplifying assumptions for
the case of LER to observe the PSD directly in the expression:

1) The lateral shifts {w,} form a zero-mean, stationary
Gaussian process:

<wn> =0

2) Either the roughness amplitude or k, is small enough
that k2 Rw(0) = k20% < 1, where Ry (r) =
(w(y)w(y +r)) is the covariance function.

3) The stack is sufficiently tall that boundary effects other
than the finite lateral length may be neglected.

Under these conditions, one obtains after Gaussian averag-
ing the finite-L intensity:

(10)) o Pl €457 [ (L= syt

[1 + kschW(T)] dr, (6)
and we obtain the following approximation form for LER:
<I(k)> &S |Fcube(k)‘2 eikiRw(O)

2|1 — cos(ky, L)
y
where Sy (k) is the power spectral density (PSD).
Let’s now compare Sinha’s results to ours:
1) Coherent/specular ridge.
In our model, the integral

o ; 2[1 — cos(k, L
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sharpens to a Dirac delta peak, 6(k,), as L — oo.
Likewise, Sinha’s Sgpec in Eq. (4) contains §(ky) 6(ky),
representing perfect specular reflection.

2) Debye—Waller damping.
Both treatments feature the Gaussian prefactor e
which uniformly attenuates all coherent and diffuse
scattering orders, analogous to the Debye—Waller factor
observed in the paper by Herrero et al. [6].

3) Diffuse component.
Our additional term
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generates off-specular sidebands around each extinction
point. This mirrors Sinha’s diffuse intensity in Eq. (5),
and is the term that contains the PSD under our approx-
imations.

By aligning each mathematical structure and damping
mechanism, we see that our finite-stack cuboid model recovers
exactly the same specular and diffuse behavior that Sinha’s
Born approximation predicts for a rough surface, but expressed
here in the language of periodic line gratings in transmission.

We can now leverage our theoretical framework to predict
the simulated diffraction pattern with high accuracy. Crucially,
this approach enables us to recover the input PSD and the
three roughness characterization parameters more accurately
from the simulations. In figure 6, the prediction of Eq. (6) is
compared against the numerically simulated results from the
previous method, and the two curves align well.

The simulated intensity was subsequently processed by iso-
lating only the PSD contribution at a non-extinction point. The
resulting PSD, presented in figure 7, closely reproduces the
input spectrum used to generate the simulation. This agreement
indicates that, within the framework of our approximations,
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Fig. 6: Comparison between the analytical prediction of Eq. (6)
(blue line) and the numerically simulated diffraction intensity
(dots) at a non-extinction point. The overlap demonstrates the
model reliably predicts the numerical simulation.

it is possible to extract the PSD away from the extinction
conditions typically required by earlier methods.

Nonetheless, a residual noise floor remains visible in figure
7. We attribute this artifact to the simplifying assumptions
inherent in our model. Relaxing some of these approximations
in future work may enhance fidelity and reduce the background
signal. In addition, normalization remains an issue; a thorough
derivation and estimation of the normalization constant will be
necessary. Finally, applying this theoretical framework to LWR
modelling is a key objective for future work.
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Fig. 7: Recovered power spectral density at a non-extinction
point (red dots), overlaid with the input PSD used to generate
the simulation (blue line). The close agreement verifies the
ability of our method to extract the PSD outside extinction
conditions, while the residual noise floor reflects the limita-
tions of the simplifying assumptions.

V. CONCLUSION AND PERSPECTIVES

In this work, we have developed an analytical diffraction-
based method for direct extraction of the PSD of line-edge
roughness (LER) in periodic transmission gratings. Specifi-
cally, by adapting Sinha et al.’s Born-approximation treatment

of Gaussian surface roughness to a finite-stack cuboid model,
we derived closed-form expressions for both the coherent
(specular) and diffuse scattering contributions [Egs. (6)—(7)].
Comparison with numerical simulations demonstrates that our
framework recovers the input PSD and the three key roughness
parameters o, correlation length &, and Hurst exponent «, even
away from extinction points, thus extending PSD extraction
beyond the extinction only limitations of previous approaches.

The next step is to measure transmission-grating samples at
a synchrotron to capture the high-flux, low-background off-
specular signal required to validate our theoretical predic-
tions under realistic scattering conditions. Following initial
validation, we will extend the protocol to nanostructured
samples—high-aspect-ratio lines, multilayer stacks, and pat-
terned wafers—to test its robustness against real-world fabri-
cation non-idealities.

Benchmarking against state-of-the-art metrology is essen-
tial. We will perform a head-to-head comparison of our
diffraction-based PSD extraction with critical-dimension scan-
ning electron microscopy (CD-SEM) and critical-dimension
atomic force microscopy (AFM), evaluating not only accuracy
in the determination of o, &, and « but also spatial-frequency
coverage, throughput, and sensitivity to noise or imaging
artifacts.

Through these experimental tests, comparative benchmarks,
and further theoretical refinements, we aim to establish X-
ray diffraction—based roughness metrology as a rapid, non-
destructive, and statistically robust complement to CD-SEM
and AFM for next-generation semiconductor manufacturing.
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