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Abstract—Majorana bound states have been proposed as a can-
didate for topological quantum computing (QC), a QC paradigm
where qubits are topologically protected against dephasing com-
pared to non-topological QC. This can enable low error QC
where the number of physical g-bits required is significantly
smaller. N-S-N nanowires (Kitaev Chain) have been proposed
as a device for topological QC. In this work, we build a Non-
Equilibrium Greens Function (NEGF) based simulation platform
that incorporates elastic dephasing using the self-consistent Born
approximation (SCBA) and find Majorana modes to be robust
against dephasing. We also compare the calculated conductance
of the N-S-N system as a function of energy and applied magnetic
field with predictions in the literature.

Index Terms—Majorana Zero Modes, NEGF, Kitaev Chain,
Dephasing, Majorna Nanowire, Incoherent Quantum Transport

I. INTRODUCTION

Kitev chains are archetypical topological superconductors,
and the analysis of N-S-N systems featuring Kiteav chains
provides key insights into transport signatures of MZMs.
These Majorana modes are topologically protected against
local disorders and dephasing due to nonlocal entanglement,
making them potentially robust candidates for g-bit systems
for QC. Topological QC promises to reduce the number of
physical g-bits required to build a feasible and useful QC
system as compared to other candidate g-bit systems without
such topological protection, such as trapped ions, coherent
photons and Josephson junctions. It is expedient to build a
quantum transport simulation platform that can incorporate
realistic effects such as dephasing and braiding operations
to explore system design choices. In this work, we present
an important step toward developing a realistic simulation
platform via the inclusion of phase and momentum relaxation
effects . [1]-[4]

II. SCBA-NEGF SIMULATIONS FOR MAJORANA
MODES

Kitaev Chain: We develop a NEGF formulation of the
problem by setting up a two-band effective mass tight-binding
Hamiltonian in the electron-hole Nambu space for the N-S-
N structure. The N contacts to the S wire are assumed to be
in equilibrium and are included phenomenologically using a
given outflow rate. We then include non-dissipative dephasing

electron-electron/hole-hole interactions and elastic isotropic
momentum scattering using the SCBA approach that accounts
for all orders of Feynman diagrams of non-crossing terms,
yielding a true bottom-up quantum mechanical simulation
of the carrier transport in Kitaev chains. Spin nanowire:
Equivalent system to the Kitaev chain which is widely used
in experiments is a combination of a conventional s-wave
superconductor (e.g. Nb), an axial magnetic field and spin orbit
coupling to create a topological superconductor with protected
mid-gap metallic Majorana modes. The 1D Hamiltonian can
be written as H = (—p2/2m — i+ ap,0y)7; + By, + A1y,
where o and 7 denote the Pauli matrices for spin and electron-
hole space, respectively. p is momentum, « is the spin-orbit
coupling. We discretize it in the x direction with the standard
finite difference method (Figure 1). [5]-[10]

III. METHOD DESCRIPTION

We use a tight-binding model for the Hamiltonian (Figs. 3.d
and 4.c). To calculate the transport signatures of the system
the NEGF formalism is employed 9, 10. The retarded Green
function is defined as GF = [E — H — ¥ — ¥z — ¥g] — 1,
where E is energy and X1, r are the contact self-energy terms
and their anti-Hermitian parts I' = (3 — X7) represent the
escape rates into the leads and associated level broadening.
We use a standard recursive surface Greens function to incor-
porate semi-infinite leads in gr = BgrB™, gr = B gLB,
with the recursion equations g;, = [E — H — Bgr8t]71,
gr = [E — H — BgrB]~", where o, 3 are onsite energy
and hopping terms of the contacts, respectively. It is well
known that Majorana zero modes are sensitive to impurities
in the material. Here we propose three types of scattering that
we incorporate into the NEGF formalism. The scattering term
can in general be written as [Yg];; = Dijx1[GT]r assuming
the interacting sources are in equilibrium and elastic. Here
Djjri =< Uy Uj; > is the scattering term, a bilinear thermal
average over the scattering potential U;; between sites i and j.
The form of D determines the scattering behavior. For spatially
localized scattering, U;; = U;6;5, and D,y = D;;0;,6;5 turns
into a second rank matrix D;; rather than a fourth rank tensor.
Note that the Xg needs to be calculated self-consistently, as
it depends on GR which in turn depends on Xg. Ignoring
self-consistency will cause current leakage into the virtual
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scattering contact that should only act as a randomizing
voltage probe. The local density of state (LDOS) is calculated
from diagonal elements of A(E) = i[GF — G4]/2r where
GA = GR', Finally, the electron transmissions are calcu-
lated using the Fisher-Lee formula for the coherent transport,
Tw(E) = Trace(FmG’RI‘beA) and conductance as Gy, =
S—;Tab, where electrons crossing contacts (i=1, j=2, a=b=e or
h) represent direct transmission, transforming into holes at
the same contact (e.g. i=j=1, a=e, b=h) represent Andreev
Reflection, and transforming across contacts represent Crossed
Andreev transmission (i=1, j=2, a=e, b=h). [11]-[13] For the
non-coherent cases we use the euqtion:

I = % %TT(TZ[GRZE — EEGA + G<Ez — ZLG<])}
(D
with
T.=1®7., X7 z(E) =il rfLRrR(E) (2
G<(E) = GM(E)(ZL(E) + SR(E)G(E) 3)

The total conductance is then calculated from the general

formula G(V) = g—{/.
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Fig. 1. (a) N-S-N structure or Kitaev chain under study. Enhancements
include a second orthogonal arm and gate potential. (b) The Hamiltonian of
the 1D nanowire: SOC + s-wave + magnetic field (c) Hamiltonian in the
effective mass tight-binding Nambu space representation (spins not shown),
with superconducting gap occurring in the off-diagonal terms. (d) Visual
representation of the Hamiltonian in a sparse matrix representation. The two
arms of the system (main arm and side arm) are connected using a far off-
diagonal term. (e) NEGF setup for the system. The normal-metal contacts are
represented using self-energies, dephasing and momentum scattering included
using a self-energy using SCBA.

IV. RESULTS

Here we represent a demo of our results based on the
methods described above. Showing the predicted transport
signatures of MZM such as the quantized conductance (Figure
2), localized LDOS (Figure 3) and the topological transition
by changing the magnetic field (Figure 4). Figure 2 and 3
are for Kitaevs chain as described by Fig 1.c. Figures 4-7

are for 1D Majorana nanowire, Figl.b. To further expand the
method described earlier we apply pure phase and momentum
scattering terms to the Majorana nanowire system. [14]
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Fig. 2. Fig. 2. Local density of states (LDOS) plot for the nanowire resolved
energetically and positionally for a coherent simulation. Electron and hole
bands can be clearly seen. (b) LDOS plot at 0 energy axis shows Majorana
zero energy modes (MZM). (¢) MZM along with electron and hole levels seen
at left and right edges of the nanowire. (d) Electron-electron, Andreev and
Cross Andreev Reflections (Tee, TAR, TCAR respectively), showing signature
of MZM.
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Fig. 3. (a) and (b) LDOS of the nanowire under pure dephasing (i.e. no loss of
momentum) and isotropic momentum scattering, with broadened levels. MZM
can be clearly discerned localized at 0 energy and at the edges. (¢) LDOS for
the Main and T arms in a T junction structure under pure dephasing. MZMs
at the edges of the main arm and at the end of the T arm can be clearly
discerned. There is a non-zero mode coupling state at junction point which is
not a Majorana mode. (d) LDOS plots in main and T arms at 0 energy axis.

A. MNW Phase + momentum scattering

By using D;; = Dyé;; (zero for electron-electron or
hole-hole cross-terms) we can add the momentum relaxation
terms to the Majorana nanowire Hamiltonian (Fig 1.b) as
described, here we show the results for the total transmission
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Fig. 4. (a) The experimental setup of a 1D Majorana nanowire. (b) Shows
the energy spectrum vs magnetic field. Note that the crossing itself is not
indicative of existence of Majorana zero mode. The oscillatory behavior as
seen in (c) is required which needs a higher quality material. (c) The energy
spectrum from numerical calculation assuming perfect conidiations. (d) LDOS
calculations, show a similar signature to experimental.12

and comparison with the case with no relaxation term. As seen
from figure 5.a, a larger contact energy I results in broadening
of the transmission vs magnetic field. By introducing a mo-
mentum relaxation term, the transmission falls below 1. The
momentum relaxation term decreases the quantized signature
of transmission and broadens the transmission vs magnetic
field. In figure 6 we see the conductance color plots vs
Energy and magnetic field, the lighter lines show the peaks
in conductance. With no relaxation terms, Fig 6.a, we see that
these lines are very thin. By adding a momentum relaxation
term, Fig 6.b, the lines become thicker which is due to the
broadening effect of relaxation terms. However the location
of peaks and energy gap closings is unchanged from Fig 6.a
to 6.b.

B. MNW Dephasing scattering

For pure dephasing terms, we use D;; = Dy. As seen in
figure 7.a, pure dephasing relaxation has a similar qualitative
effect to momentum relaxation. But quantitively we see that
the pure dephasing has a more pronounced effect on the
brooding of the conductance signature of MNW zero modes.
In figure 7.b we can see that with relaxation terms, no matter
the magnitude or type, the zero-mode LDOS localization is
unchanged.

V. DISCUSSION AND CONCLUSION

In this work, we have considered non-coherent transport
across topological superconductor based N-S-N systems. In
the treatment of dephasing we considered two extrememes: a)
localized fluctuating scatterrers giving rise to phase + momen-
tum dephasing and b) strong non-local scatterers giving rise
to phase relaxation. The computational technique developed
here will be lead to important tools to analyze Majorana
based electronic devices in the realistic limit. A few interesting
points regarding the physics must be taken note of. Firstly,
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Fig. 5. Transmission signature around the critical magnetic field. a- shows the
total transmission vs magnetic field for two different values of gamma which
corresponds to the broadening of the transmission. b- shows the effect of
momentum relaxation, which shows that for a too-large momentum relaxation
the quantized transmission no longer exists. Bc is the critical magnetic field
where the gap closing happens as seen in figure 4.d.

the scattering processes are taken with respect to electronic
fluctuating Coulomb forces, which are not related to the
pairing processes leading to superconductivity. In such cases,
the scattering terms do not include those involving the pairing
processes, such that the entire self energy matrix is block
diagonal within the electron and hole blocks of the BdG rep-
resentation. Furthermore, advancements in quantum transport
simulations are needed to include a self consistent treatment
of the order parameter, along with realistic multi-modal effects
in the nanowires. Ultimately a fully self consistent treatment
of the Poisson equation and the pairing interaction will be an
important advancement for modeling of a realistic Majorana
nanowire device, much needed to support todays experimental
efforts. We have shown the NEGF tool can be expanded to
be used for Kitaev chains and MNW with various relaxation
terms by using self-consistent Born approximation (SCBA).
We have studied the effects of two types of relaxation here,
but in principle, it can be extended to include any relaxation
term describable by perturbation theory. Both momentum and
pure dephasing relaxation terms studied here have qualitatively
similar effects on broadening the conductance of MNW and
lowering the peaks. However, the MZMs still exist even
with relaxation terms which is indicative of their topological
nature. The NEGF method can be used to study transmission
signatures of more complicated structures such as T-junctions
or 2D materials. The NEGF method can also be expanded,
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Fig. 6. A color plot of total conductance for Energy vs magnetic field. a)
Without relaxation terms the lines are very thin which is indicative of the
quantized conductance behavior. In contrast with momentum relaxation (10-6
t2), the lines are broadened (thicker lines). The existence of the energy gap
closing at critical magnetic fields shows that the Majorana zero mode still
exists in the nanowire albeit with a weaker signature. At the parity crossings
the conductance peaks still exist (not visible in the figures)

based on the same theoretical frameworks, to include time-
evolving effects (TDNEGF), to study the non-abelian statistics
of braidings.
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