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Abstract—The analysis of the charge carrier transport within
modern device concepts of nanoelectronics and nanophotonics
as well as THz technology requires the inclusion of multiband
Hamiltonians. These can then be used to consider not only
intraband transitions but also interband transitions as well as
effects based on the existence and interaction of light and heavy
holes. For this purpose appropriate multiband Hamiltonians must
be applied for a suitable numerical analysis. On the basis of the
quantum Liouville equation, a formalism is derived how multi-
band Hamiltonians can be integrated into advanced and recently
developed Wigner transport based algorithms utilizing a phase
space operator and which multiband models are appropriate.
The presented formalism is demonstrated by its application onto
resonant tunnel diodes that take advantage of interband effects
within narrow band gap semiconductor devices.

Index Terms—Interband tunneling, multiband Hamiltonians,
phase space operator, Wigner equation.

I. INTRODUCTION

The quantum mechanical description of nanoelectronic de-
vices in terms of a phase space formulation provided by
the Wigner formalism is of considerable interest as this
formalism offers the possibility to analyze transient effects
and to incorporate interaction mechanisms effectively. So far,
Wigner based formalisms are predominantly based on single
band approximations considering the conduction band but
are lacking of the inclusion of multiband models. Typically,
existing formalisms are applied onto large bandgap double
barrier resonant tunneling diodes [1]–[3] and field effect tran-
sistors [4]–[6], so that intraband dynamics essentially affect the
device performance. However, when the bandgap shrinks and
band-coupling effects shall be considered, the corresponding
interband kinetics must be adequately included.

A recently proposed Wigner based formalism is extended,
which is based on a phase space operator [7] considering non-
local quantum effects and on the complex absorbing potential
(CAP) formalism [8] in order to adequately account for the
finiteness of the computational domain.

Two distinct multiband approaches are suitable for the
application within the Wigner formalism, namely the two band
Kane-model [9] as well as the multiband-envelope function
(MEF)-model [10], [11]. The latter model leads to a similar
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formulation as in the Luttinger-Kohn-model, however, in com-
parison the interband kinetics are not neglected. The MEF-
model is preferable due to the direct physical interpretation
of the electron and hole wave functions [12]. In addition, the
interband coupling is only present in the case of a non constant
external potential. This fact leads to a simplification of the
formulation of boundary conditions as intermixing states are
avoided at the boundaries. Because of the enumerated reasons,
the MEF-model is particularly distinctive and, therefore, is
applied onto the Wigner equation.

II. MEF-WIGNER TRANSPORT EQUATION

To demonstrate the approach, the two band Schrödinger
equation within the MEF framework [12] is chosen and given
by

ı~
∂

∂t
Ψ(z, t) = HΨ(z, t) =

[
Hc(z) Hi(z)
Hi(z) Hv(z)

]
Ψ(z, t), (1)

where the vector Ψ = (Ψc(z),Ψv(z))T contains the wave-
functions for the conduction band Ψc as well as the valence
band Ψv. The diagonal terms of the Hamiltonian H describe
the intraband dynamics, whereas the off-diagonal elements
account for the interband dynamics. The Hamiltonian H is
defined according to

Hc,v(z) = − ~2

2mc,v

∂2

∂z2
+ Ec,v + V (z)

Hi(z) = − ~2P
m0Eg

∂

∂z
V (z),

(2)

where mc and mv are the effective masses of the conduction
band and the valence band, respectively, and m0 is the free
electron mass. V (z) includes the external applied biases, the
self-consistent Hartree-Fock potential as well as the bandgap
discontinuities due to heterostructures [12]. The parameter P
is related to Kane’s matrix momentum element and Eg =
Ec − Ev is the bandgap determined by the conduction band
edge energy Ec and valence band edge energy Ev.

The elements of the real space statistical density matrix ρij
with i, j = c, v are defined as

ρij = Ψi

(
χ+

1

2
ξ, t

)
Ψ†j

(
χ− 1

2
ξ, t

)
(3)

© 2020 The Japan Society of Applied Physics
383

LN



and after the application of the Wigner-Weyl transform the
following multiband Wigner functions fij result:

fij(χ, k, t) =

∫
dξ exp (−ıkξ) · ρij

(
χ+

1

2
ξ, χ− 1

2
ξ, t

)
.

(4)
Finally, the application of the Wigner-Weyl transform onto the
Liouville von Neumann equation leads to a system of coupled
Wigner equations

∂

∂t
fcc = +A ∂

∂χ
fcc + Θ[V̂ ]fcc + Θ[V̂ −]fcv −Θ[V̂ +]fvc

∂

∂t
fcv = +

[
D ∂2

∂χ2
+ G

]
fcv + Θ[V̂ ]fcv+

Θ[V̂ −]fcc −Θ[V̂ +]fvv

∂

∂t
fvc = −

[
D ∂2

∂χ2
+ G

]
fvc + Θ[V̂ ]fvc+

Θ[V̂ −]fvv −Θ[V̂ +]fcc

∂

∂t
fvv = −A ∂

∂χ
fvv + Θ[V̂ ]fvv + Θ[V̂ −]fvc −Θ[V̂ +]fcv

,

(5)
where the occuring operators are defined as follows:

A = −~k
m
, D = − ~

4ım
, G =

1

ı~

{
~2k2

m
+ Eg

}
, (6)

Θ[V̂ ]fij =
1

ı~

∫
dk′

2π
V̂ (χ, k − k′)fij(χ, k′, t) (7)

and

Θ[V̂ ±]fij =
~P

ım0Eg

∫
dk′

2π
V̂ ±(χ, k − k′)fij(χ, k′, t). (8)

Additionally, for the demonstration of the multiband formal-
ism, the effective masses within the conduction band are as-
sumed to be equal with m = mc = −mv, so that a comparison
with results obtained by existing multiband approaches could
be possible, i.e. [11]. However, the extension is straightforward
and does not affect the multiband formalism as well as the
discretization due to the phase space operator presented here.
The terms including the potential distributions are given by

V̂ (χ, k) =

∫
dξ exp (−ıkξ)

×
{
V

(
χ+

1

2
ξ

)
− V

(
χ− 1

2
ξ

)
− ıW (ξ)

}
,

(9)

where the CAP has been introduced by an addend ıW (ξ). The
terms related to the interband dynamics are defined by

V̂ ±(χ, k) =

∫
dξ exp (−ıkξ) E

(
χ± 1

2
ξ

)
(10)

introducing the electrical field E(z) = − d
dzV (z). As can be

observed from these coupled Wigner equations, the standard
single band Wigner equation for the conduction band arises
from (5), when no external potentials are present or the Kane’s
matrix momentum is set to zero.

A. Numerical Discretization

For the numerical solution of the system of coupled Wigner
equations (5), the formalism proposed in [7], [13] for the
single band case is extended towards the multiband case.
The momentum variable is discretized utilizing a standard
finite difference scheme leading to a semi-discrete Wigner
equation, which then is solved along with the phase space
operator as in [13]. Due to the discretization utilizing Nk

discretization points, only a finite range of momentum related
values k within the interval [−kmax, kmax] can be taken into
account. Conceptually, the discretization of (5) with regard to
the momentum variable k results in a system of coupled partial
differential equations, which can be written as

∂

∂t
f cc = +A

∂

∂χ
f cc +B(χ)f cc +B−(χ)f cv −B+(χ)f vc

∂

∂t
f cv = +

{
D

∂2

∂χ2
+G

}
f cv +B(χ)f cv+

B−(χ)f cc −B+(χ)f vv

∂

∂t
f vc = −

{
D

∂2

∂χ2
+G

}
f vc +B(χ)f vc+

B−(χ)f vv −B+(χ)f cc

∂

∂t
f vv = −A ∂

∂χ
f vv +B(χ)f vv +B−(χ)f vc −B+(χ)f cv

.

(11)
Due to the discretization, the diffusion process related oper-
ators A → A,D → D and the intraband dynamics related
drift operators G → G,Θ[V ] → B as well as the interband
dynamics related drift operator Θ[V ±]→ B± are introduced.
The elements of the corresponding matrix representation (11)
are indicated by the subscripts j, j′ ∈ 1, . . . , Nk and given by

Aj,j′ =
−~kj
m

δj,j′ Dj,j′ =
−~
4ım

δj,j′

Gj,j′ =

{
~2k2

m
+ Eg

}
δj,j′

ı~
Bj,j′ =

∆k

2π

V̂ (χ, kj − k′j)
ı~

B±j,j′ =
~P

ım0Eg

∆k

2π
V̂ ±(χ, kj − k′j)

(12)
with δj,j′ being the Kronecker-delta. The approximation of the
integral kernels, as apparent in the drift related matrices G,
B and B±, is carried out applying a standard midpoint rule
leading to the relations

V̂ (χ, kj − k′j) =

Nk∑
i=1

∆ξ exp
(
−ı(kj − k′j)ξi

)
·{

V

(
χ+

ξi
2

)
− V

(
χ− ξi

2

)
− ıW (ξi)

}
V̂ ±(χ, kj − k′j) =

Nk∑
i=1

∆ξ exp
(
−ı(kj − k′j)ξi

)
· E
(
χ± ξi

2

).

(13)
The system of coupled discretized Wigner equations is refor-
mulated in order to derive a phase space operator addressing
the spatial approximation with regard to the variable χ and
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following the concept as described in [13]. Furthermore, a
supervector f = (f cc,f cv,f vc,f vv)

T is introduced containing
all the discretized Wigner functions (4). Along with these
abbreviations, the coupled Wigner equations (11) can be
rewritten as[

D2
d2

dχ2
+D1

d
dχ

+D0(χ)

]
f(χ) = 0, (14)

which is the standard form for the derivation of the phase
space operators containing a derivative up to the 2nd order
in the χ-direction [13]. The matrices [D2], [D1], [D0] of the
order 4Nk × 4Nk are given by

D2 = diag (0,D,−D,0)

D1 = diag (A,0,0,−A)

D0(χ) =


B(χ) B−(χ) −B+(χ) 0
B−(χ) B(χ) +G 0 −B+(χ)
−B+ 0 B(χ)−G B−(χ)

0 −B+(χ) B−(χ) B(χ)


(15)

with 0 being a Nk × Nk zero-valued matrix. As can be
observed, only the matrix D0 contains non zero-valued off-
(block-)diagonal elements including the interband coupling
effects. Following the procedure as described in detail in [13],
the discretized Wigner functions f ij are obtained.

B. Inflow Boundary Conditions for Quantum Transport

Similar to the conventional single band case [1]–[3], a
quantum statistical distribution function has to be defined
at the boundaries. The injection of electrons is then related
to the sign of the corresponding momentum k. The inflow
of electrons is provided by the distribution function fel,r for
the left contact considering positive values and for the right
contact with negative values given by

fcc(χ1,Nχ , k ≷ 0, t) = fel,r(k ≷ 0). (16)

For the hole transport, a relationship must be chosen in a way
so that the holes are injected where the electrons are flowing
out [14] leading to

fvv(χ1,Nχ , k ≷ 0, t) = fhl,r(k ≷ 0) (17)

with fhl,r being the hole distribution function at the left and
right contact. Obviously, the components f cv and f vc of the
discretized Wigner function can be assumed to be zero-valued
functions at the boundaries of the computational domain.
In addition, von-Neumann boundary conditions are provided,
namely

d
dχ
fcv =

d
dχ
fvc = 0. (18)

In a similar manner as for the single band case described in
[13], the boundary conditions are incorporated into the system
matrix.

contact spacer barrier well barrier spacer contact
L in nm 30 15 3 5 3 15 30
V in eV 0 0 0.11 0.51 0.11 0 0

TABLE I: Parameters of the resonant interband tunneling
diode.
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Fig. 1: Band diagram of the resonant interband tunneling diode
along with the wavefuntion Ψv,0 (with Ev,0) of the bounded
state within the valence band is depicted.

III. NUMERICAL EVALUATION

To demonstrate the capability of the proposed formalism, a
resonant structure is analyzed, in which interband tunneling
effects are assumed to be prominent leading to a negative
differential resistance. Here, a similar structural and material
parameters are adopted from [11]. The relevant structural
parameters of the resonant interband tunneling diode are
provided in Table I and the band diagram is depicted in Fig. 1.
The bounded valence band state Ψv,0 located at approximately
Ev,0 = 0.34eV is depicted, too, as the results obtained later on
are discussed with regard to the bounded valence band state.
This bounded state serves as the resonant state and its value
Ev,0 is obtained by solving the Schrödinger equation. For
the discretization of the computational domain, a step width
size ∆χ = 0.25nm has been chosen. The momentum grid is
discretized along with Nk = 100 discretization points within
the interval [−1.5nm−1, 1.5nm−1]. The band gap is assumed
to be Eg = 0.2eV and the momentum matrix element is
set to P = 5nm−1. The effective mass is set to a value of
m = 0.027m0 and the doping concentration at the contacts is
1 · 1024m−3.

The current-voltage characteristic for the device is depicted
in Fig. 2 presuming a linear voltage drop in between the
left and right contact regions. The bias sweep within 0V and
0.55V is discretized with 56 points and the current density
obtained for each discrete bias point is obtained by summing
up both current densities stemming from the conduction as
well as the valence band [13]. As expected, the negative
differential resistance behavior can be observed and coincides
with the result given in [12]. In addition, when analyzing the
location the current peak at approximately Upeak ≈ 0.13V,
a fairly good agreement with the determined eigenenergy
Ev,0 of the resonant state can be established. This resonant
state is about 0.14eV above the conduction band energy,
additionally justifying the qualitative behavior of the current
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Fig. 2: Current-voltage characteristic for the resonant interband
tunneling diode.

density. Furthermore, when the momentum matrix element
P is zero valued, no negative differential resistance can be
observed from Fig. 2 as expected. Further on, the carrier
densities for the valence band nv , the conduction band nc
and the corresponding sum n = nc + nv are shown in Fig.
3 for the peak voltage at about Upeak = 0.13V as well as for
the valley voltage at about Uvalley = 0.35V, respectively. These
densities are determined by taking the zeroth order moment of
the corresponding Wigner function. The carrier density for the
peak voltage case Upeak exhibits large values within the well
region due to the strong interaction with the resonant state,
which assists the tunneling process. However, when the carrier
density for the valley voltage Uvalley is considered, the resonant
state does not contribute to the transport process leading to an
extremely small density within the well regions.

IV. CONCLUSION

The proposed formalism forms the basis for further device
oriented analysis, for which different band edge discontinu-
ities, different effective masses e. g. related to the Luttinger-
Kohn parameters, multiband models including strain effects as
well as different momentum matrix elements and their spatial
dependence can be considered revealing the full potential of
the Wigner formalism.
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