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Abstract—A key part of advanced three-dimensional feature-
scale etching and deposition simulations is calculating the particle
flux distributions. The most commonly applied flux calculation
approach is top-down Monte Carlo which, however, introduces
numerical noise. In principal, this noise can be reduced by
increasing the number of simulated particles but doing so also
increases the overall running time. For complex geometries,
especially high aspect ratio structures, which are very prominent
in state of the art three-dimensional electronic device designs,
increasing the number of samples is not a viable approach:
Only a very small subset of simulated particles contributes to
reducing the noise in remote and obscured surface regions. We
thus propose an adaptive importance sampling approach based
on a generative model to more efficiently focus the sampling
on those surface regions with high noise levels. We show that,
for a constant number of simulated particles, our approach
reduces the noise levels in the calculated flux by about 33%
for a representative high aspect ratio test structure.

I. INTRODUCTION

Three-dimensional feature-scale simulations of etching and
deposition processes require an accurate simulation of the
particle transport to obtain realistic particle flux distributions
on the structure surface. A common approach to compute the
particle flux distributions is to use a Monte Carlo simula-
tion [1]. In particular, top-down Monte Carlo particle tracing
is a popular and versatile approach because the integration
of adsorption and reflection characteristics of any detail is
straightforward and flexible [2]. A top-down Monte Carlo
flux simulation consists of sampling (pseudo) random particles
(origin and direction) from a given source distribution. Each
particle carries a weight or energy value. The trajectories of the
particles are traced through the simulation domain assuming
ballistic transport. When a particle hits a material surface the
local adsorption and reflection characteristics determine the
effect of the particle on the local flux and its further treatment,
e.g., re-emission of subsequent particles.

A major downside in conventional Monte Carlo particle
tracing algorithms is the inherent numerical noise present
in the results. This is particularly the case for (very) high
aspect ratio (HAR) structures which are prominent in many
semiconductor devices, e.g., NAND flash cells [3]. Even
worse, the noise in the calculated flux distribution can be
highly heterogeneous across the simulation domain [4], [5].
A straightforward but computationally very expensive way to
deal with the noise is to excessively increase the number of

simulated particles. However, this typically leads to massive
oversampling in many parts of the surface while regions
remote from the particle source and obscured from direct flux
contributions still reveal high noise levels.

We present an adaptive Monte Carlo importance sampling
algorithm applied to the source of the particles to reduce
oversampling and to drastically decrease the noise levels in
remote and obscured regions without increasing the total
number of particles. In our approach, we start by distributing
a limited number of particles in the conventional way to
identify regions with high noise levels. We use this infor-
mation to construct a Gaussian mixture model (GMM) [6],
[7], which is an established generative model from the field
of machine learning. The GMM’s probability distribution is
used to generate the remaining (major) share of particles,
ultimately allowing to increase the accuracy in regions with
high noise levels. In Section II we introduce the method and in
Section III the method is applied and analyzed: Our approach
reduces the overall noise in the calculated flux distribution
on a representative HAR structure by 33% compared to the
conventional Monte Carlo technique when maintaining the
number of simulated particles.

II. METHOD

The proposed adaptive sampling algorithm for computing
the flux distribution is illustrated in Fig. 1. It is inspired
by the cross-entropy method for rare event simulation and
combinatorial optimization [8].

The first stage consists of performing a conventional Monte
Carlo flux calculation by sampling from the original uniform
distribution at the source of the particles (Fig. 1a). This first
stage yields for each surface element a flux estimate and a
relative error of the estimate (Fig. 1b). The relative error is
defined by

√
Var (f̂)/E (f̂) (Var (f̂) and E (f̂) denote the variance

and the expected value of the flux estimate f̂ , respectively) and
quantifies the convergence of the Monte Carlo estimation [1].

The second stage uses a small number of particles to track
which locations at the particle source hit surface elements with
a flux estimate with high relative error (Fig. 1c). We call this
stage importance mapping and it produces a set of relevant
locations at the particle source.

Next, a GMM [6], [7] is fitted to the
output of the importance mapping (Fig. 1d).
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A GMM is a parametric probability density function
characterized by the weighted sum of a finite number of
Gaussian components: p(x) =

∑K
k=1 πkN (x|µk,Σk) where

K is the number of components, πk the mixing weights, and
µk and Σk are the the mean vectors and covariance matrices
of the Gaussian distributions N (x|µk,Σk), respectively. The
mixing weights πk, the mean vectors µk, and the covariance
matrices Σk are GMM parameters. A GMM is a generative
probabilistic model, that is, it can be used to generate new
random data points reproducing its probability distribution.
The particle source in the three-dimensional simulation
domain is a plain surface, hence the Gaussian distributions
are two-dimensional. Given the set of relevant samples from
the importance mapping step, the parameters of the GMM
are computed using maximum likelihood estimation and the
expectation maximization algorithm [7]. The optimal value for
K (the number of components in the GMM) is automatically
selected via the the integrated completed likelihood (ICL)
criterion [9]. Random sampling from a GMM requires only
minor computational overhead compared to sampling from a
uniform distribution using, e.g., the Box-Muller approach for
Gaussian sampling [1].

The final stage of the algorithm is to use the probability
distribution of the obtained GMM for Monte Carlo impor-
tance sampling [1]: Particles are generated according to the
probability distribution of the GMM and each particle is
weighted with the inverse sampling probability such that the
Monte Carlo estimates remain unbiased (Fig. 1e), resulting in
the final surface flux distribution and corresponding relative
errors (Fig. 1f).

III. RESULTS

We assess our algorithm with a representative HAR test
structure shown in Fig. 2a. We compare conventional sampling
using 32M (million) particles with the proposed adaptive
importance sampling algorithm using about 8M particles for
the first stage (Sconv. ≈ 8M in Fig. 1a), about 100 k (thousand)
particles for the importance mapping (Simp. ≈ 100 k in
Fig. 1c), and about 24M particles for the importance sampling
(SGMM ≈ 24M in Fig. 1e), totaling again 32M particles.
For the importance mapping (Fig. 1c) we consider all surface
elements with a relative error greater than 0.1 (i.e. 10%).

Fig. 3a shows the set of relevant samples obtained from
the importance mapping step when running the proposed
algorithm on the test structure. About 100 k samples for the
importance mapping result in 634 relevant samples. It is
apparent that the contributions from particles sampled right
above the circular holes and the trench dominate the set of
relevant samples.

From the set of relevant samples the fitting step (cf. Fig. 1d)
results in a GMM with three components (K = 3). Fig. 3b
visualizes the probability density function of this GMM (i.e.
the superposition of three two-dimensional Gaussian distribu-
tions). This distribution is used for Monte Carlo importance
sampling in the importance sampling step (cf. Fig. 1e). Al-
though the geometry is axis-symmetric, the distribution of

Fig. 1: Schematic sequence of the proposed adaptive im-
portance sampling algorithm: Instead of a full conventional
sampling of Stotal particles, only a portion of particles Sconv. is
sampled conventionally to generate an initial error distribution.
This initial distribution is used to identify important samples
from a small subset Simp., which are used to fit a GMM.
Finally, the majority of particles SGMM is generated using
importance sampling based on the distribution of the fitted
GMM.

the GMM in Fig. 3b is not strictly symmetric. As the set of
relevant samples is produced using a Monte Carlo approach
these deviations from symmetry are expected.

Fig. 2b shows the relative error of the flux estimates
using conventional sampling. The bottom of the two cir-
cular holes in the test structure shows high levels of rel-
ative error of the calculated flux. In comparison to this,
Fig. 2c shows the relative error using the proposed algo-
rithm when applying adaptive importance sampling. The er-
ror distributions are visualized in Fig. 4 which compares
the distributions of the relative errors using conventional
sampling and the proposed adaptive importance sampling:
One can clearly see that our approach significantly reduces
the number of surface elements with high relative error.
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(a) (b) (c)

Fig. 2: HAR test structure consisting of about 40 k surface
primitives: (a) The plain geometry, (b) the relative error
of the surface flux distribution using 32M conventionally
sampled particles, and (c) the relative error of the surface flux
distribution using 32M particles sampled with the proposed
adaptive importance sampling algorithm.

The noise in the calculated flux distribution is reduced by
about 33% (from 0.3 to below 0.2 in Fig. 4) for surface regions
with high noise in remote and obscured areas of the geometry.

To provide a statistically unbiased sampling of the particle
source distribution, the weights of the particles sampled from
the GMM exhibit a broad range of weights (energies). A
very small number of these particles carry a very high weight
value. These particles actually have a negative effect on the
computed flux and its relative error: When they hit the surface
they increase the relative error of the flux estimate at the
surface element, especially in regions with low particle flux,
e.g., towards the bottom of HAR structures. This effect is
apparent in Fig. 2c: A few surface elements in the otherwise
continuous gradient exhibit greater relative errors than others.
A straightforward way to deal with high-energy particles
would be to introduce a particle splitting scheme which can
be found, for example, in [1].

IV. SUMMARY AND OUTLOOK

We propose an adaptive importance sampling approach
based on a generative model to more effectively sample
particles in flux calculations. We assess our algorithm on a
representative HAR test structure and show that it reduces the
noise by about 33% – without increasing the number of Monte
Carlo samples. A promising idea to improve the applicability
of this approach to a wide range of geometries is to apply
the adaptive importance sampling steps iteratively in order to
progressively improve the focus of the importance sampling
until a desired noise level is obtained for all surface elements.

(a) Set of relevant samples.

(b) Probability density function of the GMM (K = 3).

Fig. 3: Top view onto the HAR test structure shown in Fig. 2:
(a) Visualization of the set of relevant samples (origins on
source plain) computed in the importance mapping step of
the proposed algorithm (Fig. 1c), (b) Visualization of the
probability density function of the GMM for the set of relevant
samples shown in (a) computed in the fitting step of the
proposed algorithm (Fig. 1d).
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Fig. 4: Histogram of the relative errors of the flux estimates for
the test structure with 32M conventionally sampled particles
as in Fig. 2b and 32M particles with the proposed adaptive
importance sampling algorithm as in Fig. 2c.
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