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Abstract—We model transport through two-dimensional topo-
logical insulator (TI) nanoribbons. To model the quantum trans-
port, we employ the non-equilibrium Green’s function approach.
With the presented approach, we study the effect of lattice
imperfections on the carrier transport. We observe that the
topologically protected edge states of TIs are robust against a
high percentage (2%) of vacancy defects. We also investigate
tunneling of the edge states in two decoupled TI nanoribbons.

I. INTRODUCTION

To continue the scaling of electronic devices, the use of
two-dimensional (2D) materials becomes indispensable for
maintaining optimum electrostatic control [1]. A range of
2D materials have been investigated since the advent of
graphene [2]. Intrinsic material properties of 2D materials like
silicene, germanene [3], phosphorene [4] and transition-metal
dichalcogenides [5] have been investigated extensively, along
with their possible use as a channel material for field-effect
transistors (FETs) [6]. However, one of the major problems
one encounters with these 2D materials is the abundance of
defects [7], mostly vacancy defects [8]. Vacancies in the chan-
nel material can deteriorate the performance of the transistor
in terms of speed of operation. Recently, transistors using TI
nanoribbons as channel material have been proposed [9], the
so-called Topological Insulator FETs (TIFETs). The switching
mechanism of these TIFETs is based on the modulation of
scattering.

Two-dimensional topological insulators are a class of 2D
materials with conducting metallic edge states in their ribbon
form. The edge states are protected by time-reversal sym-
metry and time-reversal symmetry conserving perturbations
(e.g vacancies) cannot back-scatter carriers traveling through
these conducting edge states. The edge states that travel in
the same/opposite direction, but with opposite/same spin are
located on opposite edges. Therefore, to change the direction
of motion (kx → −kx), the edge states have to either flip their
spin or change to the opposite edge (inter-edge scattering).
Scattering on vacancies can not introduce spin flipping [10].
However, a high percentage of vacancy defects can facilitate
back-scattering of the edge states by augmenting inter-edge
interactions [11].

To quantify this effect, we study the impact of vacancy
defects on the carrier transport of a TI nanoribbon using the
non-equilibrium Green’s function approach. The electronic

structure of TIs is modeled using the Kane-Mele Hamiltonian
[12]. Also, we qualitatively show how the presence of vacancy
defects can result to a better ON-OFF characteristic of the
TIFETs.

In section II, we decribe the methodology. In section III, we
describe the obtained results and in section IV, we conclude.

II. METHODOLOGY

To model the electronic structure of the 2D TI nanoribbon,
we use the Kane-Mele tight-binding Hamiltonian for a hexag-
onal lattice [12],

H = −t
∑

〈i,j〉,α
c†i,αcj,α + iΛso

∑
〈〈i,j〉〉,α,β

vi,jc
†
i,ασ

z
α,βcj,β

+iΛR

∑
〈i,j〉,α,β

c†i,α(σ × ˆdi,j)
z
α,βcj,β ,

(1)

where the first term describes the nearest-neighbour hopping
with coupling strength t and c†i,α, cj,α as creation and annihi-
lation operators at sites i and j and components (α ∈ {↑, ↓}).
The second term describes the next nearest neighbour hop-
ping with spin-orbit interaction, with iΛso as the spin-orbit
coupling, vi,j = +1 for i → j and -1 for j → i hopping,
β ∈ {↑, ↓} and σz

α,β is the indicated Pauli matrix. The
third term describes the Rashba spin-orbit coupling between
nearest neighbour sites. The Rashba term specifically breaks
the (z → −z) out-of-plane symmetry under the influence of
a perpendicular electric field or interaction with the substrate.
Since we do not consider any substrate interaction or perpen-
dicular electric field, we can safely neglect the Rashba (ΛR)
term.

The parameters used for the simulation of TI nanoribbons
are obtained by fitting the low energy band structure (obtained
by diagonalizing the Kane-Mele Hamiltonian) with the band
structure of Stanene obtained from DFT as implemented in
the Vienna Ab Initio Simulation Package (VASP) [13] [14]
(t = 0.85eV, Λso = 0.01eV). Stanene is a 2D Topological
Insulator [15].
Vacancy defects are modeled by replacing the local atomic
contribution to the Hamiltonian with the vacuum Hamiltonian
of the form,

Hv = V0

∑
R,α

c†R,αcR,α + tl
∑

〈R,r〉,α
c†R,αcr,α, (2)
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where ‘R’ is the lattice site where the vacancy defect is
present, α is the spin, tl is the coupling strength between
the vacancy site ‘R’ and its nearest-neighbour lattice site ‘r’,
and V0 is the onsite potential. The onsite potential (V0) for
vacancies has been set to 24.5 eV. The coupling coefficient
(tl) has been set to 0.51 eV.

To investigate the flow of carriers in a finitely sized 2D
TI nanoribbon, we employ the non-equilibrium Green’s func-
tion formalism [16]. Within this formalism, we calculate the
retarded Green’s function Gr(E) and the advanced Green’s
function Ga(E) as,

Gr(E) = (EI −H − ΣR(E)− ΣL(E))−1, (3a)

Ga(E) = (Gr(E))†, (3b)

where ΣR(E), ΣL(E) are the respective right and left contact
self-energies that describe the open boundary conditions with
infinite leads. We use the quantum transmitting boundary
method (QTBM) [17] to calculate the contact self-energies.
In order to obtain the solution for the lead wave functions, we
use the periodic boundary condition at the left/right lead and
expand the tight-binding Hamiltonian for energy E as,

(W−λ2 +H0λ+W+)φL/R = EλφL/R. (4)

Here, φL/R is the wave function. W− is the hopping matrix
for the unit cell block on the left side and W+ for the right
side of the lead unit cell, λ = exp(−ikΔa), where i is the
imaginary unit, Δa is the lattice constant and k is the wave-
vector. H0 is the onsite matrix block. Linearizing the quadratic
eigenvalue problem, we obtain,[

0 I
−W+ EI −H0

] [
φL/R

λφL/R

]
= λ

[
I 0
0 W−

] [
φL/R

λφL/R

]
. (5)

The resulting generalized eigenvalue equation is diagonalized,
resulting in the eigenvalues λ. We distinguish between three
cases with |λ| = 1, |λ| > 1 and |λ| < 1. Solutions, where
|λ| ≤ 1, correspond to traveling and evanescent modes that
are non- divergent in the leads. Hence, we filter out modes
within the unit circle |λ| ≤ 1. These solutions (|λ| ≤ 1)
contains both traveling and evanescent modes. To build the
self-energies, we select only those traveling modes with group
velocities that indicate flow into the leads. The group velocity
is determined using the Hellman-Feynman technique [18]. In
Fig. 1, we show the bandstructure calculated from the traveling
modes in the pristine TI nanoribbon lead.

From the eigenvalues (λ) and the eigenvectors (φL/R) of
the selected modes in each lead, we calculate the self-energy
matrices as,

ΣL/R = W−ΦL/RΛΦ
−1
L/R, (6)

where ΦL/R is a matrix whose columns comprise the wave
functions φL/R. Λ is a diagonal matrix comprising of the
eigenvalues obtained as λ. From the obtained value of the self-
energies, the contact broadning matrices can be calculated as
ΓR/L = i[ΣR/L − ΣR/L

†] and the transmission function as,

T (E) = Tr(ΓLG
rΓRG

a). (7)
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Fig. 1: Bandstructure of the 6.28 nm wide nanoribbon obtained
using the QTBM procedure as explained in the text. Blue dots show
electrons moving in the positive sense, while red dots show electrons
moving in the negative sense.

The spectral function can be written as,

AL/R(E) = GrΓL/RG
a, (8)

which represents the local density of states (LDOS) at energy
E. To further investigate the transport in a 2D TI nanoribbon,
we calculate the local current density for an applied bias of
ΔV = μL−μR . Where, μL/R are the left and right chemical
potentials. The local current density between sites ‘i’ and ‘j’
at an energy E is given as,

Ii,j(E) = − q

�
Im(G<

i,jHi,j −G<
j,iHj,i), (9)

where q is the electron charge and G<
i,j is the lesser Green’s

function between sites ‘i’ and ‘j’ at energy E. The lesser
Green’s function (G<

i,j) can be calculated as,

G<
i,j = ALf(E − μL) +ARf(E − μR), (10)

where f(E) is the Fermi-Dirac distribution at room tempera-
ture.

III. RESULTS AND DISCUSSION

With the methodology described in the previous section, we
simulate a 2D TI-nanoribbon with a hexagonal lattice structure
and a zigzag edge, as illustrated in Fig. 2(a). The transmission
of the pristine ribbon is shown in Fig. 2(b), where we can
see that the edge states have a transmission equal to 2. By
linearizing the Kane-Mele Hamiltonian around high symmetry
point ‘K’, the energy band gap is found to be 6

√
3Λso. For

the parameters chosen for stanene, this value equals 0.1 eV.
Therefore, the edge states exist only within the energy window
of ±0.05 eV, as shown in Fig. 2(b).
Fig. 3(a) shows the spectral function calculated at an energy

0 eV, which corresponds to an edge state. We observe the
exponential localization of the edge states at the two edges
of the ribbon, because we only injected states from the
left contact, the edge states have opposite spin. We further
calculate the local current for the edge states at energy 0 eV
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Fig. 2: (a) An illustration of a pristine TI nanoribbon. (b) The
calculated transmission for the ribbon shown in (a). We can see that
the transmission for the edge states (between the black lines) reaches
the expected value 2.

and project it on the hexagonal lattice structure. As expected,
the edge states move in one direction as shown in Fig. 3(b).

Now, we add vacancy defects in the pristine TI lattice.
Fig. 4(b) shows the effect of a random distribution of vacancy
defects on theTI nanoribbons. We have considered 50 different
configurations for each defect density and have calculated
their mean transmission as well as their standard deviation.
It can be inferred from Fig. 4(b) that the edge states of
TI nanoribbons maintain their transmission even at a defect
density as high as 2%. However, the bulk state transmission
drops significantly in the presence of vacancy defects. The
drop in transmission coefficient of the bulk states will lead
towards a degraded current if the Fermi level is in the bulk
state energy range. However, if the Fermi level resides within
the edge state energy range then the current drop is insignifi-
cant. Previously, TI-transistors that operate on scattering-based
switching have been proposed using 2D-TIs [9]. The proposed
switching method involves pushing the Fermi level into the
bulk states from the edge states to enhance the dissipative
scattering process with imperfections. Our results indicate that
the scattering role can also be fulfilled by coherent scattering
on vacancies.

We extend the application of our method from random
defects to ordered nanostructures of TI nanoribbons as shown
in Fig. 5(a). The motivation to study such a structured ribbon
comes from the fact that the edge states will not be back-
scattered. Hence, a change in the ribbon shape should not
affect the edge state transmission, whereas bulk states would
be reflected significantly, given the right structure. Due to this,

(a)

(b)

Fig. 3: (a) The spectral function for a pristine ribbon calculated at
energy 0 eV which corresponds to an edge state. We can see the
localized edge states. (b) Shows the local current calculated at energy
0 eV with an injection from the left side. We can see that the edge
state current is localized and unidirectional.
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Fig. 4: (a) An illustration of a TI nanoribbon sample with a random
defect density of 2%. (b) A comparison of the transmission for a
defect density of 0%, 1% and 2%.

the bulk state transmission would fall. From the transmission
coefficient in Fig. 5(b), we observe that the topological edge
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Fig. 5: (a) An illustration of a structured TI nanoribbon. (b) A
comparison of the transmission for a cross-section (encircled) of 13
and 7 atoms (N) in the overlap region with that of a pristine straight
ribbon. The edge states maintain their transmission for N=13 but
bulk states show a significant drop compared to the pristine ribbon.
When N=7, transmission of the edge states falls due to inter-edge
back-scattering.

states maintain a similar transmission as in a straight ribbon
while the bulk state transmission drops significantly, as ex-
pected. However, when the overlap between the two regions
is narrowed to a range of the order of the decay length of edge
state wave functions, significant reflection of the edge states
also occurs. This happens due to the inter-edge interaction as
discussed previously.

Finally, we study the tunneling properties between two
decoupled TI-nanoribbons as shown in Fig. 6(a). In Fig. 6(b),
we see that this structure features a sharp peak in the trans-
mission around the Dirac point, indicating tunneling of the
topologically protected edge states. To further understand the
process, we compare two ribbons with different spin-orbit
coupling parameters (Λso = 0.01eV and Λso = 0.03eV). A
coupling of Λso = 0.03eV leads to a band gap of 0.31 eV,
which is close to the energy band gap of functionalized stanene
[19]. From the Fig. 6(b), we see that the edge state tunneling
increases with increasing spin-orbit coupling. We attribute this
effect to the increased localization of the wave function at the
edges with increasing spin-orbit coupling.

IV. CONCLUSION

We have simulated transport through 2D TI-nanoribbons
with a hexagonal lattice structure and zigzag edges using
the non-equilibrium Green’s function formalism. We have

(a)

(b)

Fig. 6: (a) An illustration of two decoupled ribbons. (b) A comparison
of the transmission for different values of the spin-orbit coupling
parameter (Λso). We see that the tunneling probability increases with
an increase in Λso

studied the effect of vacancy defects on the transport of
carriers through TI nanoribbons. We have found that the
topologically protected edge states of 2D-TI nanoribbons are
immune to vacancy defects to a large extent, while the bulk
states are severely affected. This ensures that TIFETs based
on TI ribbons with a high defect density would maintain
their high ON current and a low off-state current, without
even considering additional incoherent scattering. We have
also simulated nanostructured ribbons to study the effect of
inter-edge interaction and the tunneling process. We have
studied the limits of the robustness of TI-edge states in terms
of transmission and have observed that the TI nanoribbons
do maintain their transmission when the inter-edge distance
is higher than the decay length of their wave functions.
Finally, we have observed that the tunneling process between
decoupled TI nanoribbons is characterized by a sharp peak in
the transmission around the Dirac point.
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