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Abstract—We present an improved Random Path Length
algorithm to accurately and efficiently estimate the design space
of heterostructure avalanche photodiodes (APDs) in terms of
gain, noise and bandwidth without any need of full Monte Carlo
transport simulations. The underlying nonlocal model for impact
ionization goes beyond the Dead Space concept and it is suited to
handle staircase structures composed by a superlattice of III-V
compounds as well as thick and thin p-i-n APDs.
The model parameters have been calibrated on GaAs and
Al𝑥Ga1−𝑥As p-i-n APDs in a previous work. In this work GaAs
p-i-n APDs are compared to staircase structures in terms of noise
and bandwidth.

Index Terms—Staircase APDs, Random Path Length, Impact
Ionization, Avalanche Multiplication, Excess Noise Factor, Band-
width, Simulation.

I. INTRODUCTION

Avalanche photodiodes (APDs) working in the linear regime
(i.e. below breakdown, as opposed to Geiger mode operation)
find widespread use in optical fiber links and in single photon
detectors. The internal gain provided by impact ionization
(II), however, adds multiplication noise. Adequate models are
necessary to design APDs to operate in the “sweet spot” of
the gain, noise [1] and bandwidth [2] space. The local model
of [1], [2] is inadequate to this purpose if applied to thin
p-i-n diodes or to complex staircase structures [3]. Nonlocal
history-dependent models based on the Dead Space approach
[4] or on the concept of effective fields [5] have been proposed.
Recently, [6] proposed the following alternative definition of
the effective fields, derived from a simple energy balance
equation which is suited also for staircase structures:

𝐸𝑒𝑓𝑓,𝑒(𝑥∣𝑥′) =
1
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A similar effective field 𝐸𝑒𝑓𝑓,ℎ(𝑥∣𝑥′) is defined also for holes.
Here 𝑥′ is the position where II takes place for a carrier
generated optically or by II at position 𝑥. 𝐸𝐶 (and 𝐸𝑉 needed
for the hole effective field) are the conduction and valence
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band profiles and 𝜆𝑒 (plus 𝜆ℎ) suitable mean free paths. The
𝐸𝐶 and 𝐸𝑉 profiles are obtained from TCAD simulations
[7] assuming that the photo-generated current has a negligible
effect on the electrostatics of the device. The nonlocal II
coefficients are then calculated from the effective fields:

𝛼(𝑥∣𝑥′) = 𝐴𝑒 ⋅ 𝑒𝑥𝑝
[
−
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]
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where 𝐴𝑒, 𝐸𝑐𝑒, and 𝛾𝑒 are adjustable model parameters.
Similarly it is done for the hole II coefficient 𝛽(𝑥∣𝑥′). The
models in [4]–[6] use 𝛼(𝑥∣𝑥′) and 𝛽(𝑥∣𝑥′) to derive the spatial
distribution of the carriers generated by II: the probability that
an electron that starts its motion at 𝑥 has its first ionizing
collision in the interval [𝑥′, 𝑥′ + 𝑑𝑥′] is given by

𝑝𝑒(𝑥∣𝑥′)𝑑𝑥′ = 𝛼(𝑥∣𝑥′)𝑒𝑥𝑝
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The probability that an electron does not suffer an ionizing
collision in the [𝑥, 𝑥′] interval is therefore given by

𝑃𝑠𝑒(𝑥∣𝑥′) = 𝑒𝑥𝑝

(
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If we denote as 𝑥 = 0 and 𝑥 = 𝑊 the boundaries of the
multiplication region, then the average number of carriers
generated by the II of an electron injected at 𝑥 (including
itself) can be expressed as

𝑁𝑒(𝑥) = 𝑃𝑠𝑒(𝑥∣𝑊 ) +

∫ 𝑊

𝑥
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′)]×
×𝛼(𝑥∣𝑥′)𝑃𝑠𝑒(𝑥∣𝑥′)𝑑𝑥′.

(5)

Similar equations are used to determine the average number of
carriers generated by the II of a hole 𝑁ℎ(𝑥) and the standard
deviations of these quantities. This results in a system of
equations (either integral [4], [5] or algebraic [6]) which gives
the gain and the noise for an e-h pair generated at position 𝑥.

However, the dynamics of the process is not described, so
that the actual current waveform and the corresponding device
bandwidth cannot be determined. A more complex system of
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recursive equations has been proposed in [8] to obtain the
waveforms in the framework of the Dead Space approach, but
the application to the nonlocal models in [5] and [6] is not
straightforward.

II. MODEL DESCRIPTION

A powerful alternative to the models in [4]–[6] is the Ran-
dom Path Length (RPL) algorithm [9]: the distance travelled
by a carrier between two II events is determined randomly;
secondary carriers are generated and undergo the same process
until they exit from the simulation domain. In [9] the path
between two II events is computed by adding the dead space
length to a random length related to 𝛼 (assumed to depend
only on the local field). In this paper we go beyond this simple
approach and use (1)-(2), thus extending the model validity to
structures with heterojunctions, band offsets and non-uniform
electric field profiles.

Following (3) and (4), the distance travelled by an electron
after generation at the position 𝑥 can determined by generating
a random number 𝑟, uniformly distributed in [0, 1] and finding
𝑥′ by inverting (numerically) the condition:

𝑟 = 𝑃𝑠𝑒(𝑥∣𝑥′) = 𝑒𝑥𝑝

(
−
∫ 𝑥′
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𝛼(𝑥∣𝑥′′)𝑑𝑥′′
)
. (6)

The time associated with this displacement is (𝑥′ − 𝑥)/𝑣𝑒,
where 𝑣𝑒 is the average velocity. Similar equations hold for
holes. At position 𝑥′ we then generate another e-h pair.
Recursive functions are used to handle the increased number of
carriers in the simulations as in [10], meaning that carriers are
kept in the stack until they exit from the simulation domain.

By repeating the stochastic algorithm described above many
times (starting with the initial e-h pair at position 𝑥) one
can extract the average gain 𝑀 = ⟨𝑚⟩ (𝑚 being the gain
obtained in a sample sequence) and the excess noise factor
𝐹 = ⟨𝑚2⟩/𝑀2. At the same time, by using Ramo’s theorem
[11] we can determine the current pulse amplitude due to an
electron moving from 𝑥 to 𝑥′ as illustrated in Fig. 1.

Fig. 1. Contribution of a single electron travelling from 𝑥 to 𝑥′ with average
velocity 𝑣𝑒 to the total current waveform. The term 1/𝑊 is an approximation
of 𝑑𝐸/𝑑𝑉 which is prescribed by Ramo’s theorem [11], where 𝐸 is the local
electric field and 𝑉 is the applied bias voltage.

Although the RPL is a Monte Carlo technique, it should not
be confused with the commonly used Monte Carlo method for
carrier transport simulation in electronic devices [12]. In fact,
the RPL algorithm embeds scattering rates and band structure

information into average ionization probability per unit length
(𝛼) and average carrier velocity (𝑣𝑒) [13]. The computational
burden is orders of magnitude smaller than for Monte Carlo
device simulation, but this comes at the expense of accuracy.

III. RESULTS

A. Gain and noise in GaAs p-i-n APDs

As far as gain and noise are concerned, the RPL algorithm
should give exactly the same results as the deterministic
approaches in [4]–[6]. In particular, since we use (1)-(2)
from [6] and the same parameter values, a convert algorithm
implementation must yield the same results as with the Finite
Difference (FD) implementation of [6]. This is demonstrated
in Fig. 2 for p-i-n GaAs APDs (compare lines with open
symbols). The figure also reports the experimental data from
[14] (filled symbols).

Fig. 2. (a) Gain vs. voltage and (b) excess noise factor vs. gain curves
for GaAs p-i-n APDs of different thicknesses. The results obtained with the
improved RPL algorithm (lines) are compared to the results of the Finite
Difference implementation (open symbols, [6]) and with the experimental
data from [14] (filled symbols).

B. Gain and noise in GaAs/AlGaAs staircase APDs

We now focus on staircase APDs. Fig. 3 shows the band dia-
gram of the structure proposed in [15]: the top contact region is
constituted by a 50-nm p+-GaAs layer (𝑁𝐴 = 4 ⋅1018 cm−3),
after that a 4.5-𝜇m i-GaAs layer acts as the absorption region.
The multiplication region consists of the periodic repetition
of a 20-nm i-Al𝑥Ga1−𝑥As (𝑥 from 0.0 to 0.45), a 25-nm i-
Al0.45Ga0.55As and a 35-nm i-GaAs layers and it is separated
from the absorption region by a p-doped 𝛿 layer with nominal
sheet concentration 𝜎 = 2.5⋅1012 cm−2. The total length of the
multiplication region is approximately 1 𝜇m. On the bottom,
a 200-nm n+-GaAs layer (𝑁𝐷 = 2 ⋅ 1018 cm−3) separates the
device from the n+-GaAs substrate.

Fig. 4 compares the gain and noise of our RPL algorithm
with the experimental data from [15]: the experimental break-
down voltage is underestimated, but the trend of 𝐹 vs. 𝑀 is
well reproduced.

C. Current waveforms

Current waveforms after generation of a single e-h pair are
provided in Fig. 5. Plots (a), (b) consider the staircase structure
excluding (a) or including (b) hole II; we observe that hole II
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Fig. 3. Band diagram at equilibrium along the vertical direction of the
staircase SAM-APD reported in [15].

Fig. 4. (a) Gain vs. voltage and (b) excess noise factor vs. gain characteristics
for the APD reported in [15]. The improved RPL algorithm (lines) is compared
with the experimental data from [15] (filled symbols).

induces a long-lasting decaying tail in the current waveform,
which becomes longer when the gain increases, whereas the
current waveforms obtained when only electrons ionize have
the same duration regardless of the gain. Plot (c) shows that the
tail is slightly longer in p-i-n diodes. Notice that we consider
constant voltage biasing, the dynamic biasing proposed in [16]
would reduce the duration of these tails.

The Fourier transform of the waveforms normalized by the
electron charge 𝑞 gives the transfer function of the APD, since
the input signal is the current pulse 𝑞𝛿(𝑡) corresponding to
the generation of the e-h pair. Sample profiles are reported in
Fig. 6 and used to determine the -3dB bandwidth. We see that
the inclusion of hole impact ionization reduces the bandwidth.

D. Exploration of the design space

To better visualize the advantages of a staircase structure
compared to a p-i-n diode in terms of a gain/noise perspective,
we compare in Fig. 7 the simulated 𝑀 vs. voltage and 𝐹
vs. 𝑀 curves of the device in [15] (same as in Fig. 4)
with a 1-𝜇m-thick GaAs p-i-n diode, i.e. same length of the
multiplication region for both devices: the staircase structure
shows significant gain also below the breakdown voltage and
has a much lower associated noise.

The gain-bandwidth product (GBP, see Fig. 8) is almost
constant [2] and improves for p-i-n APDs with thin intrinsic
region. P-i-n and staircase diodes with the same width of

Fig. 5. Current waveforms at different gains for the staircase SAM-APD
of [15] obtained with the improved RPL algorithm (a) without or (b) with
hole impact ionization. Notice that if holes do not ionize the duration of the
current waveforms is independent of gain (plot (a)), while if holes ionize the
current vs. time curves present a tail whose length becomes larger as the gain
increases (plot (b)). (c) Current waveform of a 1-𝜇m-thick GaAs p-i-n diode
(solid) and of the staircase SAM-APD (dashed), for 𝑀 = 8. The 1-𝜇m GaAs
p-i-n APD exhibits slightly longer hole II induced tails. Carriers move at a
constant velocity 𝑣𝑒 = 𝑣ℎ = 107 cm/s so that the transit time across the
1-𝜇m multiplication region is 𝑇𝑅 = 10 ps.

Fig. 6. Modulus of the Fourier transform of the current waveform of the
staircase SAM-APD of [15] obtained excluding (solid) or including (dashed)
hole II. The average gain is 𝑀 = 8 ≃ 18 dB, the -3dB bandwidths are,
respectively, 𝐵𝑊1 = 26 GHz and 𝐵𝑊2 = 14 GHz.
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Fig. 7. (a) Gain vs. voltage and (b) excess noise factor vs. gain characteristics
obtained with the improved RPL algorithm for a 1-𝜇m-thick GaAs p-i-n APD
and for the staircase SAM-APD reported in [15]. In the staircase SAM-APD
we have an extended voltage range where a gain significantly larger than one
is achieved.

the multiplication region have similar GBP. Note that the
structure in [15] requires a significant electric field between
the band discontinuities in order to obtain a significant gain.
This results in large hole II which is detrimental for the
bandwidth (see the long tail in Fig. 5, that implies a sharper
decay in the frequency domain in Fig.6). This problem does
not occur in other material systems (as for example in InAsSb
systems [22]), where conduction band discontinuities are large
compared to the energy gap of the material in which II takes
place.

Fig. 8. Gain-bandwidth product of a 500 nm and a 1-𝜇m-thick GaAs p-
i-n diodes and of the staircase SAM-APD of [15] obtained with the RPL
(open symbols). Filled symbols: experimental data for a planar [17] and a
thin layer [18] separate, absorption, charge and multiplication (SACM), a
Multi Quantum Well (MQW) [19], a quantum dot (QD) SACM [20] and a
resonant cavity (RC) APDs [21] based on III-V compound semiconductors.

With the developed model we can thus explore the design
space in terms of gain, noise and bandwidth. As an example,
Fig. 9 compares the simulated bandwidth versus excess noise
factor (at gain 𝑀 = 1, 2, 5, 10, 20) with the ones determined
with the RPL algorithm for different APD structures. We
see that, consistently with the analysis in the previous pages,
increased gains (obtained increasing the bias) result in smaller

Fig. 9. Bandwidth versus excess noise factor at fixed gains (from left to right
𝑀 = 1, 2, 5, 10, 20) of a 500 nm and a 1 𝜇m-thick GaAs p-i-n diodes and
of the staircase SAM-APD of [15] obtained with the RPL.

bandwidth and higher excess noise. For a given bandwidth,
the staircase SAM-APD features lower excess noise compared
with p-i-n diodes.

IV. CONCLUSION

The proposed improved RPL algorithm, coupled to the
nonlocal model for impact ionization developed in [6], is
capable to describe complex heterostructure APDs. It is shown
that, as expected, staircase APDs are advantageous over p-i-n
diodes in terms of excess noise, whereas the advantages in
terms of gain-bandwidth product are limited unless hole II is
significantly suppressed (Fig.6).
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