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Abstract— The thermopower of ballistic graphene ribbons,
at finite temperatures, is studied using linear response theory
and the Landauer formalism. The dependence of thermopower
on temperature and chemical potential is investigated and
the obtained results are qualitatively in agreement with many
features recently observed in thermoelectric measurements on
high mobility graphene ribbons. Fabry-Perot oscillations in the
thermopower of short ribbons as a function of chemical potential
are revealed.

I. INTRODUCTION

Graphene, an atomic layer of carbon atoms arranged in a
two dimensional (2D) honeycomb lattice, are highly promising
candidate for new semiconductor materials and devices [1].
In monolayer form, is gapless as its conical conduction and
valence bands touch at two inequivalent Dirac-points where the
density of states vanishes. The key property of graphene for
electronic applications is the fast electronic transport expressed
by its high carrier mobility. Since mono-layer graphene has no
band-gap, it is not directly suitable for digital electronics, but
is very promising for analog, high frequency applications [2].
Recently, mobilities approaching 200000 cm2/V.s have been
reported for ultraclean suspended graphene [3]. The transport
characteristics of these experiments suggest that the samples
reach the ballistic regime with respect to disorder scattering
[4]. Ballistic transport in graphene makes it attractive for use
as transistors [5], interconnects [6] as well as spin control
devices [7]. Recently, the temperature dependence of conduc-
tivity in ballistic graphene ribbons was investigated by Müller
𝑒𝑡.𝑎𝑙. [8] using Landauer transport theory.

Thermopower has been used as a powerful tool to probe
transport mechanisms in metals and semiconductors. Often the
measurement of conductivity is inadequate in distinguishing
among different scattering mechanisms and the thermopower
can then be used as a sensitive probe of transport properties
since it provides complementary information to conductivity.
Recently, the thermoelectric properties of graphene sheets and
ribbons have attracted experimental as well as theoretical
attention. Theoretical studies on graphene thermopower use
linear response theory incorporating the energy dependence of
various transport scattering times [9] or atomistic simulations
based on the non-equilibrium Green’s function formalism [10].
Experimentally [11]–[13], the expected change of sign in

Fig. 1. Schematic of graphene ribbon of width 𝑊 , contacted by two
electrodes at a distance 𝐿. A voltage source drives a current through the
ribbon. The chemical potential can be tuned by a separate gate electrode (not
shown).

the thermopower is found across the charge neutral point as
the majority carriers change from electrons to holes. Away
from the charge neutral region the thermopower behaves as
1/
√
𝑛, where 𝑛 is the carrier density, and exhibits a linear

temperature dependence in agreement with the semiclassical
Mott’s formula [14].

II. THERMOPOWER OF BALLISTIC GRAPHENE

In the model for ballistic graphene proposed in Ref. [16],
a nanoribbon of width 𝑊 is suspended between left and right
reservoirs (wide graphene regions), which are a distance 𝐿
apart as shown in Fig. 1. The leads and the sample region are
subject to a step-like electrostatic potential

𝜙(𝑥) =

⎧⎨
⎩

𝜙∞ 𝑥 < 0 (left-lead),
0 0 < 𝑥 < 𝐿 (sample),
𝜙∞ 𝑥 > 𝐿 (right-lead),

(1)

the zero of energy being chosen as the Dirac point in the
sample region. Modeling the leads by highly doped graphene,
the parameter 𝜙∞ is much grater than the chemical potential
and drops out of the results in the end. Ballistic transport
requires the sample length 𝐿 to be shorter than the mean
free path of carriers ℓ. In nearly impurity free samples the
mean free path is limited by inelastic scattering, dominated at
low temperatures by Coulomb scattering. However, on a clean
substrate with large dielectric constant or in the presence of
nearby metallic contacts [4], Coulomb scattering is relatively
weak and therefore the non-interacting model is applicable.
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By means of linear response theory and the Landauer for-
malism, the thermopower of ballistic graphene in the absence
of scattering can be written as [15]

𝑆 = −𝑘𝐵
𝑒

∫ ∞

0

𝑑𝐸
(− ∂𝑓(𝐸)

∂𝐸

)𝐸 − 𝜇

𝑘𝐵𝑇

∞∑
𝑛=0

𝑇𝑛(𝐸)

∫ ∞

0

𝑑𝐸
(− ∂𝑓(𝐸)

∂𝐸

) ∞∑
𝑛=0

𝑇𝑛(𝐸)

(2)

where 𝑇𝑛(𝐸) is the transmission probability, 𝑓(𝐸) = (1 +
exp [(𝐸 − 𝜇)/𝑇 ])−1 is the Fermi distribution function and 𝑛
labels the transverse modes of the graphene ribbon. Moreover,
it is convenient to use for the derivative of the Fermi-Dirac
function in Eq. (2) the following relationship

∂𝑓(𝐸)

∂𝐸
= −𝑓(𝐸)

𝑘𝐵𝑇

[
1− 𝑓(𝐸)

]
(3)

The transmission probability 𝑇𝑛(𝐸) at energy 𝐸, can be
obtained by solving the Dirac-electron propagation problem
through the potential of Eq.(1) in the limit ∣𝜙∞∣ → ∞ that
corresponds to an infinite number of propagating modes in the
leads,

𝑇𝑛(𝐸) =

∣∣∣∣∣
𝑘𝑛

𝑘𝑛 cos(𝑘𝑛𝐿) + 𝑖 𝐸
ℎ̄𝑣𝐹

sin(𝑘𝑛𝐿)

∣∣∣∣∣
2

, (4)

where 𝑘𝑛 = (ℎ̄𝑣𝐹 )
−1

√
𝐸2 − (ℎ̄𝑣𝐹 𝑞𝑛)2, 𝑊 the width of the

ribbon and 𝑣𝐹 ≈ 106 m/s is the Fermi velocity. The transverse
momentum 𝑞𝑛 is defined for various boundary conditions as
𝑞𝑛 = (𝑛+ 𝛾)𝜋/𝑊 . Below we use 𝛾 = 1/2 corresponding to
infinite mass confinement [8]. The transmission probabilities
depend on the aspect ratio 𝑊/𝐿 of the graphene ribbon and
also on microscopic details of its upper and lower edge. For
short and wide ribbons (𝑊/𝐿 ≫ 1) these microscopic details
become insignificant. The above continuum model has been
tested by comparing with a numerical solution based on a
tight-binding model on a honeycomb lattice and is found to
be quite accurate [16].

III. RESULTS AND DISCUSSION

In order to facilitate the comparison with experimental
results, we show in Fig.2 the dependence of theropower 𝑆
on chemical potential 𝜇 for various temperatures 𝑇 , based
on the full numerical evaluation of Eq. (2) for a graphene
ribbon of finite width 𝑊 = 1.5 𝜇𝑚 and aspect ratio 𝑊/𝐿 =
3. Experimentally, the chemical potential of the graphene
ribbon can be controlled by applying a gate voltage that will
cause doping of graphene’s 𝜋-bands with electrons or holes
(depending on the sign of gate voltage). As is illustrated in
Fig.2, the simulated S versus chemical potential 𝜇 curves are
qualitatively similar to the experimental curves of Refs. [11],
[13] in terms of its antisymmetric shape to the Dirac point
𝜇 = 0 (middle of the bandgap) and its distinctive peak. The
peak value of the simulated 𝑆 is of the order of (𝑘𝐵/𝑒),
close to the experimental value. However, scattering may be
responsible for the different dependence of the peak values
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Fig. 2. Thermopower 𝑆 versus chemical potential 𝜇 for various temperatures
𝑇 . The aspect ratio of the ribbon is 𝑊/𝐿 = 3.
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Fig. 3. Oscillating thermopower 𝑆 versus chemical potential at low
temperatures 𝑇 = 4.2𝐾, 15𝐾 and 40𝐾, for a ribbon with aspect ratio
𝑊/𝐿 = 6.
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Fig. 4. Normalized thermopower 𝑆/𝑆𝑚𝑎𝑥 versus chemical potential for
various aspect ratios at 𝑇 = 4.2𝐾
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Fig. 5. Total Transmission versus chemical potential for aspect ratios of the
ribbon 𝑊/𝐿 = 6 and 𝑊/𝐿 = 12.
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Fig. 6. (color online) Fabry-Perot resonances in thermopower 𝑆 of a very
short graphene ribbon with (a)(𝑊/𝐿 = 6) and (b) (𝑊/𝐿 = 12) at low
temperature 𝑇 = 4.2𝐾.

on temperature in the experiment. Moreover, all curves have
maximum when the chemical potential is several 𝑘𝐵𝑇 away
from the middle of the bandgap.

In Fig.3 the normalized thermopower (to its maximum)
𝑆/𝑆𝑚𝑎𝑥 versus chemical potential is plotted in the low-
temperature regime for a ribbon with aspect ratio 𝑊/𝐿 = 6.
As temperature decreases, Fabry-Perot oscillations of decreas-
ing amplitude with chemical potential, are revealed. Moreover,
the dependence of these oscillations on the aspect ratio of the
ribbon is illustrated in Fig.4. As is shown, for a short and
wide sample, there are two kinds of Fabry-Perot oscillations:
Fast oscillations with period (Δ𝜇)𝑓𝑎𝑠𝑡 = 𝜋𝐸𝑊 , where 𝐸𝑊 ≡
ℎ̄𝑣𝐹 /𝑊 superposed to slow ones with period (Δ𝜇)𝑠𝑙𝑜𝑤 =
𝜋𝐸𝐿, where 𝐸𝐿 ≡ ℎ̄𝑣𝐹 /𝐿. Furthermore, as is seen in Fig.4,
the fast oscillations become more pronounced with growing
𝜇, while the slow ones decrease in amplitude.

Analyzing the dependence of the transmission coefficient of
Eq.(4) on the chemical potential 𝜇, with 𝑘𝑛 being real, i.e.,

𝑇𝑛(𝜇) =
𝜇2 − (ℎ̄𝑣𝐹 𝑞𝑛)

2

𝜇2 − (ℎ̄𝑣𝐹 𝑞𝑛)2 cos2(𝑘𝑛𝐿)
, (5)

we can find that Fabry-Perot resonances are expected. Fig. 5
depicts the oscillatory behavior of the total transmission for
a infinite number of propagating modes in the ribbon as a
function of the dimensionless parameter 𝜇/𝜋𝐸𝑊 for short
ribbons with 𝑊/𝐿 = 6 and 𝑊/𝐿 = 12. As it is seen,
oscillations with period roughly equal to 𝜋𝐸𝑊 are revealed
with amplitude decreasing with the ratio 𝑊/𝐿. When there
is a propagating mode at the Fermi level whose longitudinal
wavevector 𝑘𝑛 is commensurate with the length of the ribbon,
i.e.,

𝑘(𝑚)
𝑛 = (ℎ̄𝑣𝐹 )

−1
√

𝜇2 − (ℎ̄𝑣𝐹 𝑞𝑛)2 =
𝑚𝜋

𝐿
, 𝑚 = 1, 2, . . .

(6)
the following relation for the corresponding values of the
chemical potential is obtained:

𝜇
(𝑚)
𝑛

𝜋𝐸𝑊
=

√(
𝑛+

1

2

)2
+𝑚2

(𝑊
𝐿

)2
. (7)

According to Eq.(7), fast oscillations corresponding to fixed
𝑚 appear with roughly periodic spacings (Δ𝜇)𝑓𝑎𝑠𝑡 = 𝜋𝐸𝑊

while slow oscillations originate from modes with small trans-
verse quantum numbers 𝑛 and appear with roughly periodic
spacings (Δ𝜇)𝑠𝑙𝑜𝑤 = 𝜋𝐸𝐿. This is clearly depicted in Fig.6
(a) and (b) for ribbons with 𝑊/𝐿 = 6 and 𝑊/𝐿 = 12,
respectively.

Concerning their physical origin, the fast oscillations come
from longitudinal modes with large quantum numbers 𝑛,
which enters the sample and since 𝑊 >> 𝐿, scatter back
and forth many times between the sample edges. As a conse-
quence, these oscillations are very sensitive to edge roughness.
On the other hand, slow oscillations originate from the modes
with small quantum numbers 𝑛 which transverse the sample
in straight paths. The later oscillations are very sensitive to
temperature (see Fig.3).
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IV. CONCLUSION

We calculated the thermopower as a function of both
chemical potential and temperature for different aspect ratios
𝑊/𝐿 of the graphene ribbons. Our calculations explains qual-
itatively most of the features observed in recent thermoelectric
measurements of graphene. In short graphene ribbons, at
low-temperatures, slow and fast Fabry-Perot oscillations in
the thermopower versus chemical potential are demonstrated
and a prediction for the corresponding periods is given. We
found that these oscillations are very fragile with respect to
finite temperatures as well as to aspect ratio of the ribbon.
Moreover, because of their sensitivity to edge roughness
and inelastic scattering, their experimental observation might
prove challenging. It is worthwhile to note that the electronic
and thermoelectric transport properties of narrow graphene
nanoribbons are strongly dependent on the chirality of the
ribbon and the continuum model fails to describe accurately
the edge termination effects [17]. In this paper, we address
our calculations in short and wide graphene ribbons (𝑊/𝐿
≥ 3) where the microscopic details of upper and lower edge
become insignificant so that the “continuum description” of
graphene is valid. Its validity has been examined in previous
studies [18] by comparing with a numerical solution based
on a tight-binding model with armchair edges. However, we
expect that the above discussed trends hold for other boundary
conditions [19] at the edges of the graphene ribbons.
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