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Abstract— By comparing results obtained with the densityfunctional method, empirical pseudo-potential method, and
empirical tight-binding method it is demonstrated that the
conduction band structure is accurately described by the twoband k·p model. The later model is used to investigate the
subband structure in ultra-thin (001) silicon films. It is
demonstrated for the first time that the unprimed subbands with
the same quantum number are not equivalent in ultra-thin films
and develop different effective masses along [110] and [-110]
directions. Using the two-band k·p model the dependence of the
subband effective masses on strain and thickness is calculated. It
is shown that the mass along tensile stress in [110] direction
decreases with strain guaranteeing current enhancement in thin
films. Shear strain also introduces large splitting between the
unprimed subbands with the same n. Finally, the dependence of
the effective masses in primed subbands is calculated and found
to agree well with recent pseudopotential calculations.
Keywords - two-band k·p model, shear strain, subband splitting,
strain and thickness dependent effective masses

I.

INTRODUCTION

Figure 1. Comparison of the conduction band of silicon computed with
DFT, EPM, sp3d5s*, and the kǜp method. The kǜp model is accurate up to
an energy of 0.5eV.

The rapid increase in computational power and speed of
integrated circuits is supported by the continuing size reduction
of semiconductor devices’ feature size [1]. With scaling
apparently approaching its fundamental limits, the
semiconductor industry is facing critical challenges and new
engineering solutions are required to improve CMOS device
performance. Strain-induced current enhancement is one of the
most attractive solutions to increase the device speed and will
maintain its key position among possible technology
innovations. In addition, a multi-gate MOSFET architecture is
expected to be introduced for the 22nm technology node.
Combined with a high-k dielectric/metal gate technology and
strain engineering, a multi-gate MOSFET appears to be the
ultimate device for high-speed operation with excellent channel
control, reduced leakage currents, and low power budget.

shear strain. In case of a square potential well with infinite
walls, which is a good approximation for the confining
potential in ultra-thin Si films, the dispersion equations were
obtained [5], however, an accurate analysis of the electron
subband structure is still missing.
Here we describe the subband structure and the dependence
of the subband effective masses on strain and thickness t by
solving the two-band kǜp model in a thin (001) film under
[110] tensile strain numerically. This allows an analysis of
subband energies and effective masses for both primed and
unprimed subbands in (001) silicon films.
II.

Uniaxial [110] strain modifies the transversal effective
masses of the two (001) valleys [2]. The mass change is
accurately described by the two-band kǜp model of the
conduction band [3]. The two-band kǜp model [2-4] provides a
general framework to compute the subband structure, in
particular the dependence of the subband effective masses on
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THE TWO-BAND KǜP MODEL

The two-band kǜp model was suggested first in [2] to
explain experimentally observed strain dependence of the
cyclotron effective mass on the orientation of the external
magnetic field. It can be written as
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Figure 2. Conduction band dispersion along the Γ − X direction
obtained with the EPM and the TB methods. Because of the minimum
position found further away from the X-point, the gap between the two
conduction bands at the minimum obtained with the TB method [8] is two
times larger.

Figure 3. Scetch of the potential profile in a thin body of a single-gate
MOSFET (left) and its approximation by the square well potential with
infinite potential walls (right).

functional based calculations (DFT) performed with VASP [7].
The empirical tight-binding sp3d5s* model with parameters
from [8] seems to underestimate the anisotropy of the
conduction band. The reason for such a behavior is displayed
in Fig.2. The minimum of the conduction band within the tightbinding model is located further away from the X-point than k0.
This leads to the gap between the two bands at the minimum of
the lowest conduction band which is nearly two times larger
than the corresponding gap from EPM calculations. Since the
warping of the conduction band is determined by the band
interaction, the larger gap results in less coupling and lower
degree of anisotropy.
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As demonstrated in Fig.1, the two-band kǜp model
adequately describes the conduction band dispersion up to
anenergy of 0.5eV and can therefore be used to analyze the
subband structure in thin silicon films.

shear
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strain component, M = m − m , and D=14 eV is the
shear strain deformation potential [2-4]. It was demonstrated in
[3] that the form of the Hamiltonian suggested is the only one
compatible with the symmetry of the Brillouin zone in the
vicinity of the X-point. The two-band Hamiltonian results in
the following dispersions:
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III.

In order to analyze the subband structure in (001) oriented
thin silicon films we first approximate the film potential by the
square well potential with infinite potential walls as illustrated
in Fig.3. Although not exact, this is a good approximation for
thin films. The Hamiltonian for unprimed subbands inside the
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film is in the form (1), with

band, and

δ = ( Dε xy − = k x k y / M )
2

2

. In (1) and (2)

energies and kz are counted from the corresponding values at
the X-point.

sin( y n k 0 t ) = ±

A comparison between the results of band structure
calculations of silicon obtained with different methods is
shown in Fig.1. The empirical pseudo-potential method (EPM)
[4,6] gives the most accurate results as compared to the density
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k z = −i

d
. The wave function is
dz

a spinor, with both components equal to zero at the film
interfaces. The dispersion relations for unprimed subbands are
obtained by substituting kz= k0(xn+ yn) into (2), where xn and yn
are found from the following equations [5]:

where the negative sign corresponds to the lowest conduction
2

UNPRIMED SUBBANDS IN (001) THIN FILMS
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Figure 4. Strain-dependent splitting between the minima of the unprimed
subbands with the same n in a film with the thickness t=4.3nm
normalized to the subband energy of the ground subband in relaxed film.
Depending on the parameters, the splitting dependence on strain may be
nonmonotonic.

Figure 6. Effective masses of the two ground subbands. In ultra-thin films
the effective masses of the two ground subbands are different even
without stress.

IV.

1 − η 2 − y n2
xn =
.
1 − y n2

RESULTS

The splitting between the unprimed subbands with the same
number n normalized to the ground subband energy in
unstrained films for a film of the thickness t=4.3nm is shown in
Fig.4 as function of shear strain. The dependence is not
monotonic and strongly depends on the subband number. Even
for the ground subbands with n=1 the splitting is comparable to
the subband energy at large strain values. The subband splitting
increases rapidly with the film thickness decreased as
demonstrated in Fig.5. For ultra-thin body films the splitting
can reach a value comparable to kBT already at moderate strain
values.

(3b)

Without stress when η = ml δ /(=k 0 ) = 0 the kz dispersion
(2) is parabolic, and the standard quantization conditions
yn = πn /(k0t ) are obtained. For arbitrary η (3) must be
solved numerically.
2

The dependence of the subband effective masses in [110]
and [1-10] directions on tensile strain along [110] direction is
shown in Fig.6. Like in the bulk [4], the effective mass
decreases in the tensile strain [110] direction guaranteeing
enhancement of current and mobility by shear strain in thin
films. However, the effective masses of the two unprimed
subbands with the same number become nonequal in ultra-thin
films even without strain. Fig.7 demonstrates a strong
dependence of the effective masses of the two ground subbands
on the film thickness t. Subbands are, however, non-parabolic
as shown in the inset to Fig.7 where the equipotentials of the
corresponding dispersion relations for a t=1.36nm thin film are
shown.
In order to understand these results, we solve (3) by
perturbation including terms linear in η :
±

En =
Figure 5. Shear strain induced splitting of the ground subbands, for
several film thicknesses. In ultra-thin films the splitting is larger than kT
for moderate stress.
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Figure 7. Effective masses of the two ground subbands as a function of
film thickness. Inset: Contour plots of their dispersions.

Figure 8. The thickness dependence of the effective mass of the lowest
primed subbands computed with the two-band k·p model (solid line) is in
excellent agreement with the full-band calculations [5].

It follows from (4) that the splitting between the subbands is
linear in shear strain and is inversely proportional to the film
thickness in the third power. Expression (4) also describes the
effective mass dependence on film thickness along [110] and
[1-10] directions:
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(5)

Finally, by analogy, considering confinement along the x axes,
(1) allows to calculate the dependence of the effective masses
on thickness in primed subbands. The effective mass
dependence follows the trend predicted in [9]. Excellent
agreement with the recent pseudo-potential based calculations
[10] is demonstrated in Fig.8.
CONCLUSION
It is shown that the two-band kǜp model accurately describes
the conduction band in silicon and can be used to investigate
the subband structure in thin silicon films. It is demonstrated
that the unprimed subbands with the same quantum number
become nonequivalent in thin silicon (001) films by
developing different dispersions along [110] and [-110]
directions characterized by different effective masses. When
shear strain is applied, the energy splitting between the two
subbands with the same n appears, which becomes comparable
to the temperature in ultra-thin films already for moderate
stress. Strain dependence of the effective masses is calculated.
For primed subbands the calculated dependence of the
effective mass on thickness is shown to be in excellent
agreement with results of pseudo-potential calculations.
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