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Summary 

The one dimensional off s t a t e P-N junc t ion i s considered 
from the point of view of e f f i c i en t numerical and in p a r t i c u l a r 
f i n i t e element a n a l y s i s . The equations are b r i e f l y s t a ted and 
s p e c i a l i s e d to the off s t a t e form. The known fea tu res of the 
so lu t i ons to the normalised equat ions are discussed. A number 
of f i n i t e element techniques developed in o ther app l i ca t ions 
during recent years are discussed, in a speculat ive way, to see 
i f any might be advantageous i n the P-N junc t i on problem. The 
i n t e n t i o n i s t o ident i fy e f f i c i e n t f i n i t e element techniques 
which would then be appl icable in more complicated problems, up 
t o t h r e e dimensional on s t a t e t r a n s i e n t devices . 
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1 . In t roduc t ion 

In recent years i t has become accepted t h a t the accurate 
numerical modelling of semi-conductor devices i s an area of 
grea t importance, as i t leads to a g r e a t e r understanding of 
device behaviour and improved device e f f i c i ency . This i s 
r e f l e c t e d in recent conferences devoted to t h i s topic 
(NASEOODES 1,2 and 3 ) , [ 1 , 2 , 3 ] numerous pub l i ca t ions in t h i s 
area , see for example [36] , and the se t t ing up of an EEC 
i n i t i a t i v e in device modelling. 

In t h i s paper an attempt i s made to look a t an extremely 
simple device, namely a P-N junc t ion , considered in only one 
dimension. One of the problems of modelling semi-conductors i s 
t h e i r highly non- l inear behaviour. In the simpler o f f - s t a t e 
t h i s occurs p a r t i c u l a r l y a t the j o i n t between the P and N 
reg ions . In the on - s t a t e the rapid v a r i a t i o n in the f i e l d 
v a r i a b l e s can occur a t an unknown place in the device . I t was 
decided to concentrate in the f i r s t instance on the j u n c t i o n 
between P and N reg ions , to see i f techniques could be evolved 
t o give computationally cheap numerical so lu t ions in one 
dimension. If t h i s turned out to be poss ib le , i t was hoped t h a t 
the methods could be extended t o the on-s ta te and t o two and 
th ree dimensions. 

The methods which w i l l be looked a t come from other 
f i n i t e element a p p l i c a t i o n a reas , and are : 

grading and adaptive refinement of meshes 
mapping, global or loca l 
special f i n i t e elements with ana ly t i ca l express ions 
s i ngu l a r i t y techniques 
upwinding (Petrov-Galerkin) methods 
global elements 
boundary i n t e g r a l s 
shock or front modelling 

I t i s of course poss ible tha t none of these techniques 
w i l l work, but i t does seem to be worth while to i n v e s t i g a t e 
them as there i s no a p r i o r i reason to suppose t ha t the 
c l a s s i c a l polynomial i n t e r p o l a t i o n and weighting i s going t o be 
the optimal f i n i t e element technique for such a non- l inear 
problem. Moreover even i f the proposed methods are not 
d i r e c t l y appl icable they may suggest new p o s s i b i l i t i e s which 
w i l l work. 

The techniques can be conveniently summarised as fo l lows. 
The s t a r t i n g point i s the off s t a t e d i f f e r e n t i a l equation which 
can be w r i t t e n as ( d e t a i l s a re given l a t e r ) 

f( P) = 0 1 
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This can be d i s c r e t i s e d as 

J ¥ f(N D)dft = 0 2 

In which 0 i s the e l e c t r o s t a t i c p o t e n t i a l 
N i s the element shape funct ion 
¥ i s a weighting funct ion 
0 i s the problem domain 

and a summation over a l l elements i s implied. 

Mapping global ly corresponds to changing 2 to a more convenient 
form. 

Mapping loca l l y corresponds to changing N(x,y) to N(x,y) where 
the mapped co-ordinates are x and y . 

Using ana ly t i c a l expressions i n the shape funct ion corresponds 
t o changing N 

Using Petrov Galerkin weighting corresponds to changing ¥ 

Use of boundary i n t e g r a l s corresponds t o the change of the 
domain from 2 dimensions to 1 , and the use of d i f f e ren t shape 
func t ions . (These should now be based on Green's funct ions , 
which are not ava i l ab l e for non- l inear problem.) 

Many combinations of these p o s s i b i l i t i e s e x i s t . 

2 . Governing Equations 

See, for example, Shockley[4] or Sze [5 ] . Poisson ' s equat ion 
for the e l e c t r o s t a t i c po t en t i a l If i s 

? 2 t = - p / e 3 
where e i s the d i e l e c t r i c p e r m i t t i v i t y and p, the space charge 
dens i ty i s composed of two d i f fe ren t mobile c a r r i e r d e n s i t i e s 
( e l ec t rons , n and ho les , p) and the doping of ionized donors 
and acceptors , N„ and N, . So t ha t D A 

p = q ( p - n + N D - N A ) 4 

where q i s the e l e c t r o n charge. n and p are given, in terms of 
quasi Fermi p o t e n t i a l s for e l ec t rons and ho les , fi and 0 , as 

n p 

P = Hjexp q( £J ) n = luexp q( — ) 5 

where T i s absolute temperature and k i s Boltzmann's cons tan t . 
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The equations of hole and e l ec t ron cur rent cont inui ty can be 
w r i t t e n as 

dp 1 
_ = - _ 7 . J - R 6 
at q p 

3n 1 
_ = _ V. J - R 7 

n 
at q 

and the equation for hole and e l ec t ron cur ren ts i s 
J = - q u p V j D - q D V p 8 

J = - q u n V 0 + q D V n 9 
n n r n n 

i n the above n and u are the e l ec t ron and hole m o b i l i t i e s and 
D and D are the e l ec t ron and hole d i f f u s i v i t i e s . R i s the 
recombination and J and J are the hole and e l ec t ron c u r r e n t s . 
A number of choices are ava i l ab le to the numerical modeller, n 
and p can be w r i t t e n in terms of the quasi-Fermi p o t e n t i a l s 0 
and 0_, equations 5 , Other v a r i a b l e s which can be used are r\ 
and p , where 

p = exp(q0 /kT) and n = exp (-q(Dn/kT) 10 

I t i s worth noting t h a t s imi la r equations to those of the 
semi-conductor also a r i s e in the study of r eac t ion k i n e t i c s and 
t h a t they have been successful ly modelled using f i n i t e 
elements . [16,17,18,19] Simi lar equations a l so occur in the 
surface chemistry of clay minera ls . In the r e a c t i o n k i n e t i c s 
a p p l i c a t i o n ques t ions of uniqueness and exis tence a r i s e , which 
does not seem to be the case with semiconductors, presumably 
because the boundary condi t ions are d i f f e r e n t . 

3 . Nature of the so lu t ion 

The c l a s s i ca l one dimensional P-N problem has a so lu t i on 
whose form can be determined with a f a i r degree of p rec i s ion , 
depending upon the doping.[6] The so lu t ion i s charac te r i sed by 
a boundary layer effect a t the j unc t i on between the P and N 
m a t e r i a l s . I t i s poss ib le to model the boundary layer d i r e c t l y , 
by using a very fine mesh of f i n i t e elements and t h i s appears 
t o be the only approach which i s considered i n the l i t e r a t u r e . 
However the consequences of t h i s approach are as fol lows. 

1 . Fine meshes with very many unknowns. 
2 . Slow convergence. 

4 . Poss ible modelling techniques 

I t seems appropr ia te to ask i f the modelling of the 
in t e r f ace e f f ec t s could not be made more e f f i c i en t by improving 
the modell ing. The main p o s s i b i l i t i e s are as fol lows: 



4.1 Grading or adaptive refinement of the mesh. Refinement i s 
almost the only technique which has been used to date in the 
l i t e r a t u r e and has already been discussed. Adaptive refinement 
i s a very i n t e r e s t i n g p o s s i b i l i t y which does not appear to have 
been used. 

4.2 Mapping of co-ord ina tes . This method has been used in o ther 
numerical app l i ca t ions , chief ly as a means of dealing with very 
large or i n f i n i t e domains. In these cases some means of 
extending the mesh i s sought. The mapping can be g loba l , [20] 
t h a t i s of the whole problem domain, or local to an element. 
[11] 

4.3 Incorpora t ion of ana ly t i ca l expressions in the f i n i t e 
element shape funct ions . For c e r t a i n special values of the 
doping, an ana ly t i c a l so lu t ion t o the o f f - s t a t e equat ion i s 
known. I t i s poss ible to assume tha t the form of the so lu t ion 
for other doping functions w i l l be reasonably s imi lar to those 
known a n a l y t i c a l l y . I t i s poss ib le to include these known 
funct ions in the element shape function, along with the 
standard polynomials, which allow a measure of v a r i a t i o n i n the 
d e t a i l s of the device behaviour. 

4.4 S ingula r i ty techniques. In e l a s t i c i t y problems 
s i n g u l a r i t i e s sometimes a r i s e . Economical and e f f i c i e n t 
techniques have been devised for dealing with them.[7,8,15] In 
some respec t s the behaviour of the P-N junc t i on can be regarded 
as very s imi lar to t h a t of the e l a s t i c i t y problem with a 
s i n g u l a r i t y . I t might be thought t ha t the connection between 
the two problems i s f a i r l y tenuous, but the bene f i t s , should 
the techniques prove to be por table are p o t e n t i a l l y v a s t . 

4.5 Upwinding or Petrov-Galerkin Methods. Boundary layers of 
the type tha t a r i s e in the P-N junc t i on a l so occur in f l u i d 
mechanics, which i s where the term comes from. And the f l u i d 
mechanics method of matched asymptotic expansions has been used 
by Please [6] to a r r i ve a t P-N junc t i on so lu t i ons . In recent 
years f l u i d mechanics problems in which boundary layers a r i s e 
have been t r e a t e d very e f fec t ive ly using 'upwinding' methods 
which are now, a f t e r considerable research , well understood. 
The same approach may be appl icable i n the ana lys i s of P-N 
junc t i ons . 

5 . Detai led assessment of the methods 

5.1 Grading and adapt ive refinement of meshes 

There i s nothing p a r t i c u l a r l y subt le or complicated about 
the concept of grading the f i n i t e element mesh. I t should be 
pointed out t h a t the method w i l l be most e f fec t ive i f the 
l i k e l y form of the ana ly t i c a l so lu t ion , and the element shape 
funct ions are both considered while generat ing the mesh. The 
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method c a n be l i n k e d t o a d a p t i v e mesh g e n e r a t i o n , [ 2 1 , 2 3 , 2 4 ] 
which cannot be e x p l o r e d i n depth h e r e . In c a r r y i n g ou t 
a d a p t i v e mesh r e f i nemen t i t i s d e s i r a b l e , though no t e s s e n t i a l , 
t h a t a s u i t a b l e norm e x i s t . I t seems t h a t i n t h e of f s t a t e 
c a s e , o r i n t h e s o l u t i o n of t h e e q u a t i o n f o r e l e c t r o s t a t i c 
p o t e n t i a l i n a Gummel type of i t e r a t i o n , such a norm does 
e x i s t . T h i s w i l l now be shown. 

The gove rn ing e q u a t i o n , assuming 0 n and 0 t o be 
known f u n c t i o n s of p o s i t i o n can be w r i t t e n 

Yjexp(P) + y 2 e x P (~P) + Yg 11 

where y j , fn and yg depend on ly upon p o s i t i o n . The v a r i a t i o n a l 
form of eqn. 11 can be w r i t t e n a s 

G = f F d f l where 12 

F = ^ (Yt)2 + y j e x p d J ) - y 2 exp{-B) + YgD 13 

s i n c e the E u l e r - L a g r a n g e e q u a t i o n c o r r e s p o n d i n g t o s t a t i o n a r i t y 
of G i s 

3F 3F 3F 
— - - = 0 14 
dV d(dH/dx) d(dWdy) 

which i s j u s t eqn . 1 1 . The Legendre c o n d i t i o n f o r t h e 
s t a t i o n a r i t y of G c o r r e s p o n d i n g t o a minimum i s [ 1 2 , p 215] . 

3 2 F + 3*F > 0 15 
d(dtZBx)1 didt/dx)1 

which i s c l e a r l y t r u e fo r the f u n c t i o n a l , 1 3 , so t h e e x a c t 
s o l u t i o n of 11 c o r r e s p o n d s t o a minimum i n G. Th i s can be used 
t o compare s o l u t i o n s , and t o r a n k them i n o r d e r of a c c u r a c y . 
In p a r t i c u l a r i t p r o v i d e s a c r i t e r i o n when s e a r c h i n g f o r 
op t ima l mappings . 

Where no such v a r i a t i o n a l form i s a v a i l a b l e t h e 
a d a p t a t i o n of t h e mesh must p r o c e e d u s i n g some l e s s p r e c i s e 
c r i t e r i o n b a s e d on g r a d i e n t s of the p o t e n t i a l . 

5 .2 Mapping C o - o r d i n a t e s 

Here i t i s n e c e s s a r y t o map t h e narrow boundary l a y e r 
r e g i o n c l o s e t o t h e j u n c t i o n i n t o a much w i d e r r e g i o n , so t h a t 
t h e d e t a i l s of t h e dev ice b e h a v i o u r can be r e s o l v e d more 
s h a r p l y , and t h e g r a d i e n t s of the p o t e n t i a l i n t h e mapped model 
a r e not so s t e e p and do not t h e r e f o r e g e n e r a t e such pronounced 
m o d e l l i n g d i f f i c u l t i e s . The g e n e r a l form of the d e s i r e d mapping 
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Figure 1 . Approximate mapping funct ion 

i s r ead i ly specif ied, and i s as shown in Figure 1 , If the 
problem is scaled in such a way tha t the width of the boundary 
layer i n both se t s of co-ord ina tes i s 1 then the mapping must 
expand the f i r s t ha l f of r, the rea l co-ord ina te , in to most of 
s, the mapped co-o rd ina te . There are an i n f i n i t e number of 
p o s s i b i l i t i e s here but two of them are : 

5 .2 .1 A simple polynomial mapping of the form 

s = s q r t ( r ) 16 

or, more genera l ly 

17 

where n i s l e s s than 1, 

This can of course a l so be used as the b a s i s of an economical 
and e f f i c i e n t mesh grading scheme. 

5 .2 .2 A logar i thmic scheme 

s = l n ( r + l ) , r = exp(s) - 1 18 

Many other p o s s i b i l i t i e s e x i s t . The form of the constant 
doping PN junc t ion so lu t ion for po t en t i a l i s very l ike tanh(x) 
and so a mapping based on a hyperbol ic function, p a r t i c u l a r l y 
tanh, might be e f fec t ive he re . 

5.3 Analyt ical Expressions 

For the case of constant doping i t i s poss ib le to reduce 
the so lu t ion of the o f f - s t a t e po t en t i a l equation t o the 



254 
d e t e r m i n a t i o n of an i n t e g r a l . Th i s i n t e g r a l , a l t h o u g h not 
a v a i l a b l e a n a l y t i c a l l y , can be found t o any d e s i r e d a c c u r a c y , 
by the use of numer i ca l q u a d r a t u r e . When doping i s z e r o (not 
t o o i m p o r t a n t ) , t h e r e i s an a n a l y t i c a l s o l u t i o n and when doping 
i s an a r b i t r a r y f u n c t i o n of x t h e the s o l u t i o n of the 
d i f f e r e n t i a l e q u a t i o n i s more d i f f i c u l t . For the c o n s t a n t 
doping case the s o l u t i o n t o t h e e q u a t i o n can now be t r e a t e d a s 
a f u n c t i o n and i t can be a p p r o x i m a t e d . Th i s f u n c t i o n can now 
be used a s t h e b a s i s f o r a s p e c i a l e l emen t , i n which the shape 
f u n c t i o n i s composed ma in ly of the s p e c i a l f u n c t i o n , but w i th 
p o l y n o m i a l s i n a d d i t i o n . Suppose t h a t we deno te t h e c o n s t a n t 
doping s o l u t i o n by FN(x ) . Then a s u i t a b l e e lement shape 
f u n c t i o n might be F N ( x ) p ( x ) , where p (x) i s a polynomia l of 
d e s i r e d d e g r e e . The e lement m a t r i x can be formed i n t h e u s u a l 
way, with the d e r i v a t i v e s of H^(x) and p ( x ) be ing r e a d i l y 
o b t a i n e d . The element shape f u n c t i o n can be w r i t t e n 

N(x) = PN(x) p ( x ) 

dN(x) dPN(x) . . A dp (x ) _ , . , 
and so = p ( x ) + * IN(x) 

dx dx dx 

The next s t e p i s t h e i n t e g r a t i o n o v e r t h e e lement domain. T h i s 
would be p o s s i b l e us ing a modest number of Gauss -Legendre 
i n t e g r a t i o n p o i n t s , or i f more a c c u r a c y fo r l e s s c o m p u t a t i o n a l 
c o s t were r e q u i r e d , a s p e c i a l q u a d r a t u r e formula c o u l d be 
d e v e l o p e d . In any even t p r o v i d e d t h a t the f u n c t i o n PN(x) and 
i t s d e r i v a t i v e s were a v a i l a b l e , no s p e c i a l problems shou ld 
a r i s e . 

Such methods have a l r e a d y been a p p l i e d i n s t r e s s 
s i n g u l a r i t y p rob lems of f r a c t u r e mechanics t o d e r i v e s p e c i a l 
e l e m e n t s which a r e v e r y e f f e c t i v e . [ 7 , 8 ] They have a l s o been 
used t o d e v e l o p i n f i n i t e e l e m e n t s f o r unbounded domains 
[ 9 , 1 0 , 1 1 ] and Hughes[14] h a s d i s c u s s e d i n g e n e r a l t e rms t h e 
development of s p e c i a l e l e m e n t s f o r s p e c i a l p r o b l e m s . 

Of course s p e c i a l shape f u n c t i o n s have i n a sense been 
used s i n c e the e a r l i e s t a t t e m p t s t o model s e m i - c o n d u c t o r 
d e v i c e s . The wel l -known Schar fe t t e r -Gummel method [ 2 2 , 3 6 ] 
u t i l i s e s a non l i n e a r shape f u n c t i o n f o r t h e q u a s i - F e r m i 
p o t e n t i a l s . I f a po lynomia l r e p r e s e n t a t i o n of 0p i s used i n 
t h e h o l e c o n t i n u i t y e q u a t i o n 

uW<exp(- t f )Vp) = R 21 

t h i s l e a d s t o an e x p o n e n t i a l c u r r e n t d e n s i t y d i s t r i b u t i o n c l o s e 
t o each g r i d p o i n t . However t h i s i s a poor a p p r o x i m a t i o n , 
s i n c e c u r r e n t d e n s i t y v a r i e s on ly weakly wi th p o s i t i o n . A good 
d i s c u s s i o n of t h i s p o i n t i s g i v e n by E n g l [ 3 6 ] . R e q u i r i n g 
c o n s t a n t c u r r e n t d e n s i t y l e a d s t o a r e p r e s e n t a t i o n i n which the 
nodal v a r i a b l e i s exp (q0 / k T ) , and t h e shape f u n c t i o n s a r e 
n o n l i n e a r . The i dea of a s p e c i a l shape f u n c t i o n i s a l s o 
i m p l i c i t i n t h e p r e s e n t a t i o n of Mock[37] i n p a r t i c u l a r pages 

19 

20 
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58-60. I t may be that a more formal acknowledgement of the use 
of special shape functions for a l l f i e ld v a r i a b l e s , might lead 
to a more cons is ten t and log ica l development and in p a r t i c u l a r , 
more r a t i ona l gene ra l i s a t i ons to 2 and 3D problems. Another 
way of i n t e rp re t i ng the Scha r f e t t e r Gummel algorithm i s as a 
Petrov-Galerkin method. 

A major quest ion here i s whether the funct ion PN(x) would 
change subs t an t i a l l y if the doping were a l t e r e d . If t h i s were 
so, then the labour of recomputing the ana ly t i c a l so lu t ion for 
every change in the doping p r o f i l e , might t e l l against such an 
approach. Simple analyses of junc t ions with abrupt changes and 
l i n e a r changes in doping [5] give qui te s imilar d i s t r i b u t i o n s 
of p o t e n t i a l . Another ques t ion i s how t h i s technique would 
extend t o the two-dimensional case . In the f i r s t ins tance , one 
would envisage the special shape functions being used in the 
d i r e c t i o n normal to the l i ne of the boundary between P and N 
regions with conventional polynomial shape functions p a r a l l e l 
to the boundary. However, where the PN boundary turns through 
a r i g h t angle, i t i s not c l ea r what the best technique would 
be. 

At present one cannot envisage how such a method would 
work, but one can ou t l ine a natural progress ion to evaluate the 
method. 

1 . Determine the t d i s t r i b u t i o n for var ious constant 
dopings, using quadra ture . 

2 . Repeat 1 . for other doping d i s t r i b u t i o n s , including 
l i n e a r and quadra t ic v a r i a t i o n s , and those l i k e l y to occur in 
p rac t i s e e .g . er ror funct ion type d i s t r i b u t i o n . 

3 . Study so lu t ions from 1 and 2 for any common f e a t u r e s . 
If the so lu t ions are reasonably s imi la r the technique may work, 
if not, i t probably wi l l not . 

4 . Assuming 3 i s favourable devise a funct ion PN(x), 
which descr ibes ' r easonab ly ' the U d i s t r i b u t i o n close to the 
junc t ion . 

5 . Develop an in te r face element using the PN(x) function 
normal to the in te r face and Gauss-Legendre quadra ture . 

6. If 5 . works develop specia l quadrature formula, for 
higher accuracy. Some work has been done on t h i s , for 
exponential shape funct ions , which seem a l i k e l y candidate , by 
Emson and Greenough [13] . 

An input from work on a n a l y t i c a l so lu t ions w i l l c l e a r l y 
be of value in t h i s a rea . 
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5.4 S ingula r i ty Techniques 

In the case of e l a s t i c i t y i t has been shown t h a t for the 
8 node i so-parametr ic f i n i t e element, a displacement of the 
midside node to the quar te r point of the element edge induces a 
s i ngu l a r i t y in the mapping between the local and global 
co-ord ina tes , at the nearest v e r t e x . This i s e a s i l y seen by 
p l o t t i n g the global co-ord ina te , x as a function of the loca l 
co-ord ina te , t,, as shown i n Figure 2 . This was o r i g i n a l l y 
thought to be a t o t a l l y undesirable fea ture of element 
behaviour, but Henshell[15] l a t e r showed t h a t i t could be 
explo i ted to enable the element to model accurately s t r e s s 
s i n g u l a r i t i e s . 

-1 
1 

0 
-o-

i 
-o—— 

X 

Figure 2 S ingula r i ty in x-£ mapping induced by moving midside 
node to qua r t e r po in t . 

The rapid changes in the po ten t i a l at the FN junc t ion are 
not s ingular , but never the less t h i s method may s t i l l be 
app l i cab l e . F i r s t l y i t i s poss ible to make the mapping only 
tend towards s i n g u l a r i t y , by moving the node only par t of the 
way towards the qua r t e r po in t . This enables the element shape 
funct ions t o model the rapid changes in po ten t i a l more 
accura te ly without the presence of a true s i n g u l a r i t y . Secondly 
i t i s poss ib le to use a d i f fe ren t mapping function, ins tead of 
the o r ig ina l element shape funct ion. This would follow the 
t r a n s f i n i t e element techniques of Gordon and Hal l . [25 ,26] I t 
would be simple to devise a blending function, of the kind 
which they descr ibe , which gives a l i n e a r mapping for midside 
nodes placed c e n t r a l l y , but which gives a su i t ab le non- l inear 
mapping as the node i s moved away from the cen t ra l p o s i t i o n . 
The d e t a i l s of t h i s have not been worked out y e t , but no 
problems are envisaged. 

Prel iminary s tudies of the f i r s t opt ion above, tha t i s 
simply moving the midside node, towards the qua r t e r point 
ind ica te tha t the modelling of the po t en t i a l d i s t r i b u t i o n , 
using only one element i s g rea t ly improved. The empir ical ly 
determined optimal p o s i t i o n for the t e s t case was a t about x = 
- 0 . 3 , where the two end nodes a re a t - 1 . 0 and + 1 . 0 . Although 
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t h i s has not been done ye t , the functional given in eqn. 13 
affords a way of se lec t ing the best p o s i t i o n for the middle 
node. Figures 3 to 6 show some po ten t i a l d i s t r i b u t i o n s in ha l f 
a symmetrical P-N junc t ion in the equil ibrium off s t a t e , in 
which the middle node has been moved t o var ious p o s i t i o n s . 

No d i f f i c u l t i e s are envisaged when the l ine of the 
j unc t ion i s not p a r a l l e l to the side of the element, as i t 
would simply mean moving the centre nodes on two adjacent 
edges, by d i s tances which would be easy to compute. Clearly i t 
would be unwise to expect too much from such a computationally 
crude device as t h i s , but i t i s s t i l l worth consider ing, 
because the ex t ra computational cost i s v i r t u a l l y ze ro . 

5.5 Upwinding or Petrov-Galerkin Techniques 

These techniques have developed from e f fo r t s to solve 
the Navier—Stokes equat ions which govern viscous flow. They 
were o r i g i n a l l y an attempt to reproduce the f i n i t e difference 
method in which the differencing i s not symmetrical, but i s 
skewed i n the 'upwind' d i r e c t i o n . There has been a c e r t a i n 
amount of controversy about the use of the methods, p r i n c i p a l l y 
because they are a l leged to introduce a r t i f i c i a l d i spe r s ion . 
[39] I t i s now widely accepted t ha t they are e f f i c i e n t and 
accu ra t e . In the f i n i t e element context the method corresponds 
t o using a special weighting funct ion, which i s d i f fe ren t from 
the shape funct ion. In t h i s form i t i s termed the 
'Pe t rov-Gale rk in ' method. [27,28,29,30] 

The d i f f i c u l t y in modelling Navier-Stokes flows manifes ts 
i t s e l f chief ly in a narrow boundary layer . Because some of the 
d i f f i c u l t i e s in FN junc t i on modelling a l so occur in a narrow 
boundary layer i t seems natura l to ask whether the same, or 
s imi la r 'Pe t rov-Gale rk in ' weighting techniques might be 
e f fec t ive , despi te the d i s s i m i l a r i t y in the s t r u c t u r e of the 
governing equa t ions . 

The best argument in favour of the use of upwinding for 
the e l e c t r o s t a t i c p o t e n t i a l i s the close s i m i l a r i t y in the 
general form of the so lu t ion to the normallised ID P-N junc t i on 
equat ion 

d*J 
-T^7 = 2 s inh 0 + X 22 

s u b j e c t t o t h e boundary c o n d i t i o n s B(0) = 0 and 0 ( 1 ) = DQ, 
where TIQ i s t h e p o t e n t i a l a t t h e end of the d e v i c e , and t h e ID 
c o n v e c t i v e d i f f u s i o n e q u a t i o n . 

d»0 d& 
d x 2 dx 23 

T h i s h a s t h e a n a l y t i c a l s o l u t i o n 

6 = {1 - e x p ( - x < z ) ) / ( l - e x p ( - a ) ) 24 
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Figure 3 PN junc t ion ana lys i s 2 , 3 node quadra t ic f i n i t e 
elements. Central node in each element a t x = 0,0 
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Figure 4 BJ junc t ion ana lys i s 2 , 3 node quadra t ic f i n i t e 
elements. Central node in each element a t x = - 0 . 5 
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Figure 5 W junc t ion ana lys i s 2 , 3 node quadra t ic f i n i t e 
elements. Central node in each element a t x = - 0 . 4 

Figure 6 PN junc t ion ana ly s i s 2 , 3 node quadra t i c f i n i t e 
elements. Central node in each element a t x = - 0 . 3 
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Clearly eqn. 23 i s l i n e a r , whereas eqn, 22 i s non l i n e a r , and 
the equation s t ruc tu re i s completely d i f f e r e n t . However, the 
s i m i l a r i t y in the so lu t ions shown in Figs , 7,8 and 9 i s 
s t r i k i n g . Both are e s s e n t i a l l y boundary layer e f f e c t s . 
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0(c) *o jt(i) = i 
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Figux-e 7 Analyt ica l Solut ions for Convective Diffusion Equation 

Figures 8 and 9 show the so lu t ion for e l e c t r o s t a t i c 
p o t e n t i a l for 2 d i f f e ren t dopings, for uniformly divided and 
for graded f i n i t e element meshes. For higher doping, and a 
uniform mesh, the f i n i t e element (Galerkin) r e s u l t s show some 
o s c i l l a t i o n s . However these o s c i l l a t i o n s a re not of the same 
type as those in the convective diffusion problem, and the re i s 
no t h e o r e t i c a l reason why an upwinding process should work. 

Dpwinding, or the Petrov-Galerkin method, has c e r t a i n l y 
been successful in handling problems in f l l u i d mechanics, 
including Be rge r ' s equation and the Navier-Stokes equat ions . 
But the re are t heo re t i ca l r e s u l t s which suggest t h a t for 
s e l f - ad jo in t problems, the usual Galerkin weighting i s opt imal . 
The ID equat ion 22 i s not s e l f - ad jo in t , at any r a t e in the 
c l a s s i c a l de f i n i t i on , used by Courant and Hi lber t [12] and 
Strang and F ix[40] , but i t does have a corresponding minimal 
problem as we have shown, which could imply tha t the Galerkin 
method w i l l give the best r e s u l t s , in terms of the norm, though 
not poss ib ly , the best nodal va lues . 

When the 
terms of the 
e l e c t r i c f i e l d 
category of co 
Campbell[38] . 
between optimal 
The suggests 
Petrov-Galerkin 
way of extending 

current cont inui ty equat ions are w r i t t e n in 
dens i t i e s of e lec t rons and holes , then i f the 

i s viewed as constant , they f a l l i n to the 
nvec t ive-d i f fus ion equat ions , as i s remarked by 
As s t a t ed e a r l i e r , there i s a v i r t u a l i d e n t i t y 
upwinding and the Scharfetter-Gummel algori thm. 

t h a t the ex i s t ing theory for extending 
t o 2 or more dimensions may be very useful as a 

the Scharfetter-Gummel algori thm. 



261 

10 

09 

08 

0? 

06 

05 

04 

03 

02 

Ot 

0 

c L 

fl 
1 

\l 
- / 

^ 

i 

•&— •' 

i 

^ 

dr 

X =-2sinhl10)=-22026.0 

1 \ 1 1 1 

K 

^,=10 0 

— t Uniform 

(quadrature 

I » 
0.1 0.2 0 3 0.4 0,5 0.6 0 7 0 8 0.9 1.0 

Figure 8 Half of FN j u n c t i o n - moderate doping 

3 0 Fnn n ,'o— 

0.9 

0J 

07 

06 

05 

04 

03 

0.2 

0.1 

0 

-*&=" 

- / 
- / 
/ 

7 

J ^ = 2 sinh i ( i . X 

X = -2 sinh |l|J) -16275.0 

* . -12.0 

I I 1 L J 
0 0.! 0.2 0.3 0.4 0.5 0.6 0.7 0.1 0.9 1.0 

Figure 9 Half of FN junc t ion - higher doping 

-K—*1 

Figure 10 Discontinuous Shape Functions (Ref[32]) 



262 
5.6 Shock and Front type modelling 

Many of the more severe problems i n semi-conductor device 
modelling a r i s e in the on - s t a t e case, where the narrow 
'boundary l a y e r s ' in which there are rapid changes in po t en t i a l 
and cu r ren t s do not necessar i ly occur on junc t ions of mater ia l 
p rope r t i e s , and may, in the t r a n s i e n t case, move about through 
the device. There i s some experience in modelling o ther 
problems in which such ' f r o n t s ' or ' shocks ' occur, using f i n i t e 
elements. They occur in secondary oi l recovery and in 
underwater explosions t o name but two a p p l i c a t i o n s . Techniques 
which have been adopted to date are as follows 

1 . Local refinement of the mesh at the shock. This i s 
of course simply the method described e a r l i e r . However 
in add i t i on the shock has now to be f i r s t found, and 
then t racked. A method for doing t h i s in o i l recovery 
problems i s described by White.[31] As the l o c a t i o n of 
the shock moves, i t i s a l so necessary to change the 
p o s i t i o n of the ref ined sec t ion of mesh, and t h i s 
br ings problems of i n t e r p o l a t i o n and e x t r a p o l a t i o n t o 
the new mesh loca t ions 

2 . Wellford and Oden[32] have proposed a special 
element for dealing with problems in which shocks 
occur. In t h i s case the element formulat ion permits a 
shock of unknown size and p o s i t i o n in the shape 
funct ion . A shape funct ion i s shown i n Fig . 9. This 
method has been extended by Stevens[33] . 

3 . Finn[34] s p l i t s the advective and di f fus ion p a r t s 
of the advective d i f fus ion equat ion and advects the 
f i n i t e element mesh at the correct speed and then 
solves for d i f fus ion only. The current cont inui ty 
equat ions , in terms of n and p, might be amenable to 
t h i s technique. However as elements have to be 
introduced and removed a t the ends of the mesh, the 
house keeping problems, p a r t i c u l a r l y in 2 and 3 
dimensions a re formidable. 

Other recent developments i n t h i s area are given in [41 ,42] , 

6. Conclusions 

This i s a rapid ly moving area , and i t i s d i f f i c u l t t o 
p red ic t which methods w i l l prove to be the b e s t . In our view 
the two most promising areas are special shape funct ions , and 
Petrov-Galerkin weight ings . 
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