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1. Introduction

where

Investigating transport in solids typically uses the
Boltzmann equation, which has a natural particle interpretation. The particle concept of carriers is widely accepted in terms of particle Monte Carlo simulations where
the motions of carriers are computed transiently in momentum and real spaces, subject to external forces due
to applied electric and magnetic fields and given scattering mechanisms [1,2]. The obtained transient data stand
for the particle trajectories in the phase space. On the
other hand, the Wigner distribution function, which corresponds to a quantum probability distribution function,
has been actively investigated on its formulations and
practical applications to quantum effect devices [3-71. In
particular, Jensen and Buot reported the application of
the Wigner distribution function to obtain a particle trajectory in resonant-tunneling diodes (RTDs) by utilizing
the phase space description in the Wigner distribution
function [5,6]. They succeeded in a convenient visualization of particle tunneling process and an estimation
of tunneling times. However, their simulations were limited to small bias conditions and the correspondence with
classical theory was not clear. In this paper, the dynamic
particle trajectories of RTDs at large bias conditions are
studied based upon the Wigner trajectory technique, and
further the comparison between the Wigner and the classical trajectories is discussed.

2. Quantum Trajectories
The Wigner distribution function f ( 2 ,k , t ) is defined
as the Fourier transform of the density matrix represented
in the coordinate space with respect to the relative coordinate [3-61 or the energy-integral of the nonequilibrium
Green's function [7-91. Its time evolution is given by
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where ~ ( z denotes
)
the potential energy profile, and the
effective mass m' is assumed to be constant throughout
the device. The third term on the right-hand side of eq.
(1) represents the collision term. The motion of the phase
space trajectories are defined by writing eq. (1) in the
form of a total time derivative as follows.

af -

-dt

dzdf
dkdf
dt dz - d t z

+ ($)C

(3)

Comparing eq. (3) with eq. ( l ) ,the velocity of the particles and the force acting on the particles are respectively
given by [5,6]

(4)

First, the particle velocity (4) is as expected. On the
other hand, eq. (5) denotes that the particles evolve according to the effective quantum forces F . f f . Far from
the quantum structures, where the potential is smoothly
varying, eq. (5) reduces to the classical one, d k / d t =
- l / f i ( d v / d z ) , and therefore the classical description is
regained. As the particles approach the quantum regions
where the potential changes abruptly, their trajectories
are updated by the quantum force given in eq. (5). We
can obtain the dynamics of the phase space trajectories by
calculating the Wigner function f(z, k ) and the potential
,
from it, z ( t ) and k ( t ) by
energy ~ ( z ) and
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z(t + S t )

= z ( t )+ m*

Input data for device structure
(bias, potential, doping etc.)

i
Solve quantum transport equation (1)
for Wigner distribution function
Phase-space Wigner function data
is stored into computer memory
Trajectory calculation

Give initial conditions for particles
( position and momentum )

x ( t ) = 0 , k(t) = k , ( > 0)

at t=O
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tions, the time interval S t should be small enough (-lfs)
compared to the flight time across one mesh-spacing in
the x-coordinate. This calculation will be continued until the particles reach the device boundaries, 2 = 0 or
3: = L. The obtained transient data stand for the particle
quantum trajectories in the phase space.
As Jensen and Buot pointed out [5], the above concept of the effective quantum force is analogous to the
Rohm trajectory in terms of quantum potential [lo].
They also indicated that the velocity of the Bohm trajectory is represented by the average velocity of the Wigner
trajectories. The Wigner trajectory technique has been
examined for tunneling problems such as RTD [5] and
field emission [6]. In particular, Jensen and Buot succeeded in a visualization of particle tunneling process in
RTDs at small bias conditions. In this paper, we studied the dynamic particle trajectories of RTDs at large
bias conditions based upon the Wigner trajectory technique, and further discussed the correspondence between
the Wigner and the classical particle trajectories.
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3. Dynamic Particle Trajectories of RTD

I

I

I

Figure 1: Flow chart for Wigner trajectory calculation

The simulation model of the RTD consists of two
2.8nm-A10 aGao AS barriers and a 4.5nm-GaAs quantum
well. The temperature is assumed to be 300K. Fig. 2 (a)
shows the current-voltage characteristics of the doublebarrier RTD. Fig. 2 (b) and (c) show the computed
phase space trajectories of the double-barrier RTD at
the bias voltages of (b) V=O.O5V and (c) 0.12V, respectively, where any scattering and space-charge effects are
neglected. The vertical lines represent the location of the
potential barriers. Fig. 2 (c) corresponds to the current peak of the I - V curve. Such dynamic particle
trajectories at the large bias conditions are successfully
evaluated in this study. First, for low momentum states
the trajectories are reflected well before the barrier edge,
which indicates the nonlocal quantum effects due to the
potential barriers. Tunneling trajectories are observed
for k > 0.34nm-1 and k > 0.15nm-1 in Fig. 2 (b) and
(c), respectively. At the higher bias voltage, the tunneling
trajectories occur for smaller momentum states. This corresponds to the shift of the transmission coefficient peak
energy toward the lower momentum region by increasing
the bias voltage. For reference, the transmission coefficient spectra are shown in the insets of Fig. 2 (b) and (c).
In addition, the momenta of those tunneling trajectories
are found to increase in the right electrode, which means
the gain of extra kinetic energy from the potential energy
difference. On the contrary, the tunneling trajectories incident from the right electrode with k
-0.5nm-' are
loosing those kinetic energies after tunneling into the left
electrode. Another interesting feature is that the trajectories incident from the right electrode with k -0.4nm-1

where 6t is the time interval. Fig.1 shows the flow chart of
our trajectory calculation. First, the quantum transport
equation (1) for the Wigner distribution function is numerically solved for the given device structure [3-61, and
then the Wigner distribution function data in the phase
space are stored into the computer memory. Now, the
trajectory calculation is started. First of all, the initial
conditions of particles with respect to position and momentum are given, where L denotes the device length.
Here, we assign the positive momentum (k > 0) at the
left boundary and the negative momentum (k < 0) at the
right boundary, respectively, in order to represent the particles injected toward,the double barrier structure. Next,
let those particles move in the phase space according to are penetrating the right barrier to change the direction
ey. (6) and (7) during the time interval 6 t . Since the par- inside the central quantum well.
Further, the Wigner trajectory technique allows us to
ticles move fast in the real space at the large bias condi-
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discuss the steady-state tunneling times. Fig. 3 shows the
plot of position as a function of time for the trajectories
shown in Fig. 2. The horizontal lines represent the loca-

the higher bias. This is because the initial velocities of
the tunneling trajectories are reduced at the higher bias
condition due to the shift of the transmission coefficient
peak energy toward the lower momentum region as shown
in the inset of Fig. 2 (c).
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Figure 3: Plot of position as a function of time for trajectories shown in Fig. 2. The horizontal lines represent
the location of potential barriers. The velocity at any
position is given by the slope at that position.

Figure 2: (a) Current-voltage characteristics of RTD. (b)
and (c) shows the computed phase space trajectories at
the bias voltages of 0.05V and 0.12V, respectively. The
vertical lines represent the location of potential barriers.
The insets show the corresponding transmission coeffi- 4. Comparison between Wigner and Clascient spectra.
sical Trajectories
tion of the potential barriers. The velocity at any position
is given by the slope at that position. It is found in Fig.
3 that the trajectories begin to speed down before reaching the first barrier and tunnel through the double-barrier
region as they are gradually accelerated. At the higher
bias, the particles tunnel out of the double-barrier region
more rapidly than the lower bias case. However, it takes
longer times for the particles to reach the first barrier a t

In this chapter, we compare the Wigner trajectories
with the classical ones, to make clear the behavior of the
tunneling trajectories. The classical trajectories correspond to the conventional Monte Carlo simulation and
they are calculated by using d k / d t = -l/h(dv/dz) instead of eq. ( 5 ) . As a matter of course, no quantum
mechanical effects are included in the classical trajectories. Fig. 4 shows the comparison between the Wigner
and classical trajectories at the bias voltages of (a) 0.05V

158

5 . Conclusion

-Wigner trajectories
0

- - - - Classical trajectories

In this paper, the dynamic particle trajectories of the
resonant-tunneling structure at the large bias conditions
are investigated based upon the phase space description in
the Wigner distribution function. The procedure for the
Wigner trajectory calculation was presented in detail. We
demonstrated the dynamic behaviors of the quantum tunneling trajectories and the steady-state tunneling times,
corresponding with the transmission coefficient spectra
and the classical particle trajectories. The Wigner trajectory technique presented in this paper can provide an
instructive description of carrier nonequilibrium quantum
transport distinct from the conventional carrier statistics
such as carrier density and current density distributions.
Thus, it will be available to understand the dynamic behaviors of various nanostructure devices.
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