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1. Introduction 
The recent development in full-band Monte Carlo 

(FB-MC) methods has not only shown that FB-MC 
codes can be as efficient as analytical-band programs 
[l, 21, but also that the FB-structure is indispensable in 
the case of hot-electron simulations [3, 41. In the case of 
holes the warped band structure makes analytical-band 
modeling very difficult even in equilibrium, and the 
use of the FB-structure is mandatory. The advent 
of new materials like SiGe necessitates the extensive 
calibration of the FB-MC codes with experimental data 
measured close to  or in equilibrium [5 ] ,  where standard 
MC-methods are notoriously inefficient. In this work 
methods are presented, which allow the efficient cal- 
culation of equilibrium and near-equilibrium transport 
properties in conjunction with an FB-structure evalu- 
ated by a nonlocal empirical pseudopotential method 
[6]. These methods are not only applied to  the case of 
transport parameter calibration, but are also used for 
the extraction of transport coefficients for hydrodynamic 
models. 

2. K-space grid 
The FB-structure is discretized with a nonuniform 

tetrahedral grid in k-space, which is generated with an 
adaptive method somewhat similar to [l, 71. For each 
energy band a grid is generated starting with the basic 
tetrahedra of the irreducible wedge. The tetrahedra are 
refined until the maximum error in the linear interpola- 
tion of the energy along all edges of the tetrahedra is less 
than 2 % of the energy at the center of the respective edge 
or less than 0.05meV, whatever is larger. Furthermore, 
the maximum length of an edge of a tetrahedron must 
be less than one tenth of the distance from I? to X in the 
Brillouin zone. In Fig. 1 the grids of the first conduction 
and valence band are shown, which are extremely dense 
in the vicinity of the band minima to allow transport cal- 
culations at temperatures as low as 50K. The minimum 
length of an edge of a tetrahedron is 0.0003 times the dis- 
tance from I? to X. The average quality of the tetrahedra 
according to [7] is 0.28. 

To achieve a continuous energy interpolation over 
the whole k-space the LU W K-surface of the irreducible 
wedge is discretized with a symmetric grid with respect 

to  the LW-line (Fig. 2). This is necessary since particles, 
which change the Brillouin zone via this surface, appear 
in the adjacent wedge at a position which is on the 
opposite side of the LW-line compared to  the initial 
position. To avoid a discontinuity in the energy interpo- 
lation the grid must have the same symmetry property 
as the band structure. 

3. Mass tensor discretization 
The inverse mass tensor is needed for hydrodynamic 

models [8] and for the evaluation of transport coefficients. 
The important point here is that the discretization of the 
inverse mass tensor on the nonuniform grid must be con- 
sistent with the interpolation of the energy band struc- 
ture, which is linear within a tetrahedron and continuous 
at the interfaces of the tetrahedra. Based on the theorem 
of Gauo it can be shown that the integral of the inverse 
mass tensor 214-l over the volume Get of a tetrahedron 
equals the integral of the group velocity v over the surface 
Ftet of the tetrahedron: 

where the inverse mass tensor and the velocity are defined 

m - l =  -vkvT , v = - v ~ E .  
as: 

1 1 
ti Fi - - 

Since the energy is linearly interpolated within a tetra- 
hedron, the velocity is constant within a tetrahedron and 
discontinuous in the interface between two tetrahedra. 
Therefore the arithmetical mean of the velocities on both 
sides of the interface is used for the velocity within the 
interface. This yields for each tetrahedron a symmetric 
inverse mass tensor consistent with the discretized band 
structure. In Fig. 3 the expected value of the inverse 
mass tensor is shown for electrons and holes in undoped 
relaxed silicon at room temperature as a function of the 
electric field. 

4. Calculation of transport parameters 
With the microscopic relaxation time (MRT) it is 

possible to solve the one-particle Boltzmann equation ex- 
actly within the first order of the electric and magnetic 
field [9, 101. For nondegenerate systems the MRT 7 is 
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Fig. 1: Nonuniform adatptive tetrahedral grid of the first con- 
duction band (upper graph) and of the first valence band 
(lower graph) in the IC,, ku-plane of relaxed silicon. 

defined by the integral equation [9] (a: system volume, 
S (k’ lk):  transition r,ate): 

Due to the employed scattering models [5] the in gen- 
eral tensor-valued MFCT is here only an energy-dependent 
scalar. Please note that this is exact for our FB-MC 
model in the case of lnoles, whereas it is a very good ap- 
proximation in the case of electrons. 

With the MRT the mobility and diffusion tensor can 
be calculated as expected values of the distribution func- 
tion (0) for arbitrary electric fields [ll]: 

where e is the electron charge. In the case of an addi- 
tional arbitrary magnetic field the drift velocity can be 
evaluated by (neglecting quantum effects): 
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Fig. 2: Symmetric grid of the LUWK-plane of the first con- 
duction band of relaxed silicon. 
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Fig. 3: Longitudinal and transversal inverse mass for elec- 
trons and holes in undoped silicon at room temperature as a 
function of the electric field in (100)-direction. 

where in the calculation of the distribution function the 
magnetic field must be considered. However, the inclu- 
sion of a magnetic force in the FB-MC simulation i s  
rather simple, because the velocity is constant within a 
tetrahedron due to the linear interpolation of the energy. 

In Fig. 4 the mobilities and diffusion constants are 
shown as a function of the electric field for a strained 
silicon layer on a relaxed Sio.i.Ge0.s substrate. In the case 
of equilibrium the deviation from the Einstein relation 
is less than 0.5% demonstrating the high quality of the 
discrete representation of the inverse mass tensor. 

The drift velocity can be either estimated directly 
from the FB-MC simulation by averaging the particle ve- 
locity or by sampling the longitudinal mobility. In Fig. 5 
the ratio of the CPU times of both cases is shown, when 
the simulation is stopped at  1% simulation error [12] for 
the longitudinal mobility or the drift velocity, whatever 
is smaller. In the case of electrons (holes) the estimator 
based on the above given formula for the mobility is much 
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Fig. 4: Mobilities and diffusion constants (divided by UT = 
kBT/e, T = 300K) for electrons in an undoped strained si- 
licon layer in the (100)-plane on a relaxed Sio.7Geo.s substrate 
as a function of the electric field in [010]-direction. 

more efficient than the direct sampling of the drift velo- 
city for electric fields below 3 kV/cm (5 kV/cm), because 
it is based on even moments of the distribution function 
in contrast to the drift velocity, which is based on odd 
moments. Similar results are obtained for other transport 
parameters of hydrodynamic models like energy current. 
Thus it is possible to sample transport parameters effi- 
ciently in the “warm”-electron regime, where standard 
estimators are inefficient. 

Since in most experiments the low-field Hall mobil- 
ity instead of the drift mobility is measured, an efficient 
method for the calculation of the Hall factor in equilib- 
rium is required. The corresponding equation for the Hall 
factor in the case of a small electric and small magnetic 
field under nondegenerate conditions reads [lo, 131: 

where eq denotes the equilibrium distribution function 
and ~ B T  is the thermal energy. In Fig. 6 the Hall factor 
is shown for undoped silicon as a function of the tempera- 
ture. In addition, in Fig. 6 the Hall factor for holes is 
shown based on an FB-structure calculated with the local 
empirical pseudo potential method (LEP) [14] in contrast 
to the other results, which are based on the nonlocal 
empirical pseudopotential method (NLEP) [6]. While the 
differences are negligible in the case of electrons, a large 
difference is found for holes. Moreover, for a comparison 
simulation results from a previous work are shown, which 
are based on the k . p-method [13]. 

In the case of equilibrium the distribution function 
is given by the Boltzmann distribution, and it is possible 
to calculate the Hall factor and the mobility consistent 
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Fig. 5: Ratio of the CPU times needed to achieve the same 
simulation error by sampling the longitudinal mobility and by 
sampling the drift velocity directly from the MC-simulation 
for undoped silicon at room temperature. 

with the FB-structure using fast numerical integration 
instead of the MC-method. This facilitates rapid cal- 
culation of transport quantities necessary for transport 
parameter extraction from experiments, which are 
most often done under equilibrium or near-equilibrium 
conditions. In Fig. 7 the low-field electron mobility in a 
strained Sil-,Ge, layer on a relaxed substrate is shown 
for different Ge-contents at 77K. 

5 .  Conclusions 
We have presented a method for the calculation of 

the inverse mass tensor which is consistent with the 
nonuniformly discretized band structure. The band 
structure is discretized in such a way that the grid is 
fine enough for transport calculations at 50K without 
an excessive total number of grid nodes. Based on 
these results estimators for the Hall factor and basic 
transport properties are given, which are more efficient 
in equilibrium and in the “warm”-electron regime than 
standard estimators. 
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