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The calculation of self-consistent charge densities is not a straightforward task 
in structures with zero-dimensional confinement. In contrast to the semi- 
classical case the density of states in a quantum dot depends on the potential. 
However , this dependence is not explicitly given and Newton-Raphson meth- 
ods are therefore difficult to employ. In this paper we present a numerical 
method for the calculation of self-consistent electron densities in a quantum 
dot weakly coupled to a macroscopic reservoir using a multidimensional se- 
cant approach that partially overcomes the numerical limitations intrinsic to 
single-electron transistor device simulations. 

1. Introduction 
We present a method to obtain self-consistent solu- 

tions to the nonlinear Poisson equation in single-electron 
devices based on the zero-current model of Polak et al. [l]. 
We discuss an algorithm to calculate the charge density of 
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Figure 1: Principal simulation domains. The dashed line 
around the QD-ODEG region marks the boundary for the QD 
wave functions. 

electrons in semiconductor quantum dots (QD) and the 
coupling of the dot charges to the semi-classical charges 
in the reservoirs. 

2. Physical model 
The Poisson equation 

-v ' ( a b )  = P[dl (1) 
is always solved for tlie whole device 6 (Fig. 1) thereby 
assuming a given equilibrium Fermi energy. The charge 

density p is given as 

A41 = dPL41 - 441 + Na#4 - N,-[4151). (2) 
N$,  N; are the ionized dopant densities and p is the 
semi-classical approximation for the hole density. The 
electron density n in the reservoir region fi - 52 is given by 
the semi-classical approximation for the density of states 
N,, whereas the density in the QD region follows from 
a system of nonlinear PDEs for the effective Kohn-Sham 
potential and the envelope wave functions $i 

{ -:v. (a-10) + w,*(r) +i(r) = Ei+i(r). (3) 

a is the effective mass tensor. The quantum mechani- 
cal current and the normal derivative of the density van- 
ishes at the dot boundaries which leads to real eigenval- 
ues G. The effective Kohn-Sham potential in (3) is taken 
as w,s(r) = -e$(r) + wxc[n(r)] + AE,(r ) ,  where e 4  is the 
conduction band potential energy, w,, the local exchange- 
correlation potential energy and AE, the material com- 
position dependent conduction band offset. The electron 
charge density is given by 

1 

( NcF;(@(rN i f r E f i - 5 2  

We use Gibbs distributed single-particle occupation num- 
bers g in the QD, where a localized canonical ensemble is 
present. N is the integer particle number of the QD. 
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The Gibbs distribution Peq({n,}) of the electron pop- 
ulation in a quantum dot in equilibrium with the reser- 
voirs is evaluated in order to find the true many particle 
ground state of the system of dot and reservoir 

in" 3 

where F({ni} ,  N )  denotes the total free energy of the sys- 
tem with N electrons and the occupation configuration 
{n%}, (n, = 0 , l )  and EF is the Fermi-energy] respectively. 
The thermodynamical average of the number of electrons 
in the quantum dot 

(W = Peq({n,})NGN,zn, (6) 
{n. 1 

and the linear response conductance through the confine- 
ment region using the solution to the set of detailed bal- 
ance equations (master equation) derived by Beenakker 
PI 

can be extracted. 

3. Newton-Raphson iteration 
We search the zero of the vector function F ( 4 )  = 

-V (eV4) - p[4] at the whole device R by means of a 
damped Newton-Raphson iteration with x = { ( e 4 ) ; j k )  

the electrostatic potential at discrete mesh points 

F(x + Sx) = F(x) + JSx + O(6x2). (8)  

J is the Jacobian matrix. By setting the right hand side 
F(x+Sx) = 0 we arrive at a linear system for the updating 
vector 

-J-'F(x) = bx. (9) 
The quantum mechanical expression for the electron 
charge density in the QD (4) does not allow for the ex- 
plicit calculation of the contribution 8n[4/&$ to  the Ja- 
cobian matrix. On the other hand, the use of the semi- 
classical approximation provides only a crude approxi- 
mation. Therefore, the electron density is either approx- 
imated by the semi-classical expression in the QD region 
(for an initial guess) or it is provided externally and kept 
fixed as a boundary condition to  the Poisson equation (1) 
during the Newton-Raphson iterations. 

4. Broyden's method 
In order to find the self-consistent electron density 

in the QD we search for the zero of the vector function 
F(x) = xoUt(x) - x  with x = {(e#'--vXc);jk}. The charge 
densities in the reservoir region (a - R) are kept fixed as 

boundary conditions to the Poisson equation. Therefore, 
we assume that p[4'] = p[4], n[4'] = n[4] and N:g-[&] = 
NZ;-[4] in 6 - 0. We employ Broyden's method [4] as 
non-linear root searching method. It is based on a multi- 
dimensional secant approach F(x + Sx) # 0 to equation 
(8) 

bx + G b F  = 0. (10) 

Assuming 1 G(m+l) -G(m) I-+ 0 this leads to an updating 
formula for the inverse Jacobian G = -j-' 

G(m+1) = G ( m )  - (dx(") + G ( m ) S F ( m ) )  @ SF("). (11) 

Minimizing an error function [5] dE/dG;j = 0 with 

E = wollG:(m+l) - G(411 
m 

+ wz I Sx(") + G(m+1)6F(n) l 2  (12) 
n= 1 

we arrive at a new updating formula 

G ( m + l )  = G ( 4  - (G(4j jW + x(- , )pc- )  @ jj44 (13) 

adopting the following notation for the vectors F(n) = 
(wn/wo)F(") and did") = ( ~ , / w ~ ) S x ( ~ )  

A(") = (&$)].. . ,sn(n'> E f p x " )  

@("I = (F(0,.  . . $4) E R(NX") 

jp) = (1 + pWp(4-1 E R("X"). (14) 

The advantage of the new method over the original 
method of Broyd_en is that only the inversion of a small 
m x m matrix (p) and not of a huge N x N matrix is 
needed. This method can be improved even further [6] if 
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Figure 2: Convergence using Broyden's algorithm (o), a sim- 
ple mixing method (0) and the Anderson mean value extrap- 
olation method (A). 

we put G(m+l) in terms of 

with G(l) = a1 (0 < a < 1) and 
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This method requires ithe storage of the current p, 6x, F 
and the previous 6F (;?torage of (m+2) N-vectors and a 
m x m matrix). 

The method was tested using equation (17) against 
a simple mixing method and Anderson’s mean value ex- 
trapolation method [It]. The number of charges in the 
QD was kept fixed to 6 electrons. The convergence is 
not quadratic as with Newton-Raphson methods (Fig. 
2). However, superlinear convergence is achieved. The 
method is thus superior in performance to the other meth- 
ods. Apart from the convergence rate, the stability of the 
self-consistent iteration has also improved considerably. 

5. Outer iteration 
We first perform Newton-Raphson iterations to ob- 

tain the self-consistent electrostatic potential q5 and the 
semi-classical charge densities at the whole device (In). 
Then the electron density in the QD region (In) is replaced 
by integer numbers of electrons starting with the integer 
part of the semi-classically obtained number, which is a 
rational number of course. We keep charges outside the 
dot fixed and relax the QD electron charge using the Broy- 
den algorithm assuming that the charge density in the 
reservoirs is much larger than that in the QD region and 
the electrostatic potential outside the QD is only weakly 
influenced by the QD charge density. 

6. Simulation results 
We present selfconsistent calculations for a SiGe 

based heterostructure single-electron transistor (SET). 
The quantum dot is electrostatically confined by means 
of a Ti/Al top gate [ ;T I .  The 2D/3DEG is situated in a 
Si quantum well 50 nin below the top gate. We observe 

Figure 3: Top view of the Ti/Al gate structure of the SiGe 
heterostructure SET. Courtesy PSI Villigen. 

conductance oscillations and discrete charging of the QD 
(Fig. 4). The peak heights of the conductance exhibit an 
envelope structure related to the filling of shells within the 
discrete QD level spectrum. The decrease of the spacing 
between the peaks with increased filling of the dot is a 
pure screening effect aktributed to the increase of the QD 

Gate voltage (V) 

Figure 4: Conductance oscillations and charging of the SET- 
QD as a function of a plunger gate voltage at two different 
temperatures. The curves are given an offset for clarity. 

size at higher electron densities (QD diameter: M 50 nm). 

7. Conclusions 
We developed and tested an algorithm that allows 

the calculation of self-consistent charge densities in a QD- 
ODEG coupled to a semi-classical reservoir. A test exam- 
ple shows that the method performs superior to other 
methods commonly used. 
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