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Abstrac t 

We study the effect of the common practice of neglecting the convective terms (inertia! approx­
imation) in the hydrodynamic model in the simulation of n+-n-n+ diodes and two dimensional 
MESFET devices. We find that the inertial approximation is invalid near the diode junctions, 
and near the contact regions of the MESFET device. We also test the hyperbolicity of the first 
derivative part in the hydrodynamic model, and in related energy transport models. We find that 
the first derivative part of the system is hyperbolic, for the hydrodynamic model, the modified hy­
drodynamic model, and the energy transport model. This suggests and validates the use of shock 
capturing algorithms for the simulation. 

I. TRANSPORT EFFECT. 

In earlier work (see [5]), we have advocated using modern nonlinear hyperbolic based shock 
capturing algorithms (e.g., the ENO algorithm in [11]) in device simulations with hydrodynamic 
(HD) and energy transport (ET) models. Introductions to these models may be found in [10] and 
[7], respectively. The first use of such methods in device simulation was [2]. 

A common practice in the interpretation of the hydrodynamic model is to employ the inertial 
approximation, which in our terminology characterizes the transport effect as small if 

rp yju% + u% + tg + v2 « l t ( ^ 

where rp is the momentum relaxation coefficient and (tt, v) is the velocity vector. The reader can 
find this approximation employed in many reduced hydrodynamic models (cf. [9]). As discussed in 
[10], it allows the extension of the Scharfetter-Gummel method to a hydrodynamic model setting. 
This hypothesis is well known in fluid mechanics, where the resulting flow is termed a Stokes5 flow. 
In the electrical engineering community, one speaks of neglecting the convective terms. 

In this work, we simulate the standard one dimensional n+-n-n+ channel and a two dimensional 
MESFET, using the complete HD model, as introduced in [10], with Baccarani-Wordeman relax­
ation expressions (see [1]), and then check the validity of (1). From a physical point of view, we 
wish to check whether the transport effect is uniformly small. If it is, hyperbolic based algorithms 
probably need not be used, and the inertial approximation would appear justified. The numerical 
scheme we use is the ENO (Essentially Non-OsciUatory) scheme [11], adapted to device simulations 
in [2] and [5]. It has the advantage of both high order accuracy and monotone sharp gradient 
transitions. 

The one dimensional n+-n-n+ channel is a standard silicon diode with a length of 0.6/xm, with a 
doping defined by nd = 5 x 105fim~3 in [0,0.1] and in [0.5,0.6], and nd = 2x 103/zm -3 in [0.15,0.45], 

Research supported by the National Science Foundation under grant DMS-9123208. 
2Research supported by the National Science Foundation under grant ECS-9214488 and the Army Research Office 

under grant DAAL03-91-G-0123. Computation supported by the Pittsburgh Supercomputer Center. 

252 



joined by smooth junctions. The lattice temperature is taken as T0 = 300 K. We apply a voltage 
bias of vbias = 0.5V, 1.0V and 1.5V, respectively. Other relevant parameters can be found in [5]. 
We use a high order ENO scheme (third order) and a very refined grid (200 points), in order to 
ensure that the physical model is fully resolved by our numerical result. 

Fig. 1 (left) clearly shows that the transport effect (the quantity in Eqn. (1)) is not small near 
the junctions. In order to verify that this is not an artifact of the spurious velocity overshoot at 
the right junction, we also simulate with a reduced heat conduction coefficient K0 = 0.5 to reduce 
this spurious overshoot (see [4]). The result, Fig. 1 (right), still shows significant transport effect 
at the junctions, especially at the left junction. 
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Fig. 1: The transport effect rpux for the one dimensional n+-n-n+ channel. Left: the HD model; 
right: the HD model with a reduced heat conduction coefficient KQ = 0.5. 

To see the effect of ignoring this transport effect and using a reduced hydrodynamic model, 
we also make the simulation of the same diode using the reduced HD model with the inertial 
assumption. This reduced HD model does not have a momentum equation, is a fully parabolic 
system, hence is much easier to solve numerically. The velocity is a derived quantity from the 
concentration and energy. We can see from Fig. 2 that the reduced HD model underestimates the 
velocity. 
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Fig. 2: Velocity at vbias = 1.5. Left: the HD model and the reduced HD model; right: the same 
with a reduced heat conduction coefficient KQ = 0.5. 

Next we simulate a two dimensional MESFET of the size 0.6 x 0.2/xm2. The geometry as 
well as the doping (in fim~3) is shown in Fig. 3, left. We apply, at the drain, a voltage bias 

253 



vbias = 2V. The gate is a Schottky contact, with a negative voltage bias vgate = —0.8V and a 
very low concentration value n = 3.8503 X 10~8fim~3. The lattice temperature is again taken as 
To = 300 K. A high order (third order) ENO scheme with a very refined grid of 192 x 64 points is 
used. Again, this is to ensure that the physical model is fully resolved by the numerical scheme. 
Boundary conditions and other parameters can be found in [5]. 

Fig. 3, right, shows that the transport effect is not small near the contacts. For easy presen­
tation, we have listed an integer at every other grid point in the MESFET in Fig. 3, right. This 
integer is ten times the transport effect formula in Eqn. (1), capped from above by nine. 

1 

1 
0.30 

04B 

0.20 

0.15 

0.10 

0.0S 

000 

SOURCE 

-

0 

H 

0 0.1 01 

H: nd=300000 
Lnd=100000 

GATE DRAIN 

H 

L 

0.3 0.4 0.5 04 0.? 

ooeooooeooBeoi i s ts tmiKCi t tmi t t i t t i t tMfm J * * » * * I * * S I H » * J M « leoooeoon «« s>*t»s**tf i *«»• 
BO0oa0a0<!a600I114S4)144SM*J**tM*i7S44«4333»J4J443343JJa2J3144*72IieO00ee0O1134Mt777S4J23IIiee 
0*60000000001111233 J1444S7J*****I*MKJ((53S5*e44434444444*44444J2I060BOBa06eil3JllJ13333331Iill 
oooooMeooMii n i l ) W444*S7f * i i»j J I j7ns«5453s«4«5i««««*4«]i)2iiooeMMeM«ii 11 u i i ltiioeaoaa 
68000000080011311211444314 444tt7I IH? 3 (34444444444 (14(4401132321100080*000000000110000065000000 
000000006000111313 J13 J13 111 J JSt'm'J«5444]331J333131313 33333321110000000000000600000000000000000 
00000863001111131311313133333 lSWi«444)i)j)3223 111 332223333111160006000000000000000000000000000 
133323112113111441111323322221144444131133222333333333333111111006000000006000000000000000000000 
33221111111144*4133332222233333131131132233322233331III11111110000000000000000000000006000000000 
1111111133222133311II111113322222222222321111111111111111110000006600060680600000000006080060000 
l i i i i i i i i i i i i i i i i i i t i i i imi i i i i i summmii immmioooeooeaooeoBoaoeoeooeoooeoooooooooooo 
ooooeiiiiiiimiiiiiiiiiiiiiiiiiiiiiimmmmiimaeoeoooooooooooeooooBooeoooooeaQOBeooeeeoo 
ooaooaomiiiiiiitiiiiiimmiiiiiiiiimmooeooooooaeoaoooooMooaeeooooaooooooooeooooooeooeoo 
oo oo oaooo 1 i 111111 m i 111 m 1111 n i IQ ooo oooo ooooeoo o eeoa aoeoe OOBQB oo o osoooo eoooo ooooe ooo BO BBO 6000 
ooooaaeimi i m m m i m m nmoooooooMOOOoaMaoaooaooooaeooooeoooooeooooeflooeaoaaoooaeoooaa 
ooooooumi i iu i m i m imnmooisoaoBBOooooeoooeeeoeeisooooeoooBOQflOBOoeoeoBOoeoeeooaooooaooee 
e n l i i i i m i i m i m i m u miutoooaaooaaooooooeeaeeooooowoeoBoooeooBoaeooBMoaoooaaeooaoeooaa 
eiuimmiummiiimmmooooeooooooooeoooooeeooBooweaooooeeeoeoooooooooooeoaooeoooQOoao 
on t i n m u m i l m j m i l m l i lOBOQaaoaoooooooooaeoaaoooofwoaooooooeoeoooooBooeaBBoooooooBooooa 
oi m m m i m m m m m i l iiooaBflBaooooooooooooaeeoteoooooaoooaflQaooBoeooooflooBBooaaooooooooe 
BI i m i I I 111 n 111 m i 1 n n 111 looea oo oa e oa ao soooeooo aaoo eoooo eeeee 6oeeo eo oaeoooo o oo oo ooooo oo ooo oo 
Boooi m m i l m 11 I i i I i m m i Booe BO ooo oa ao ooeoo oo a eooo oooooosoeo ooooe oo ooooooo o oo oo oo ooo oo ooo oo 
o i o o i i i u i m m i m i m i i mMMBBBBQaeeooooooeoooeaooaoooooaooBoooBooeaooooofleeeoooooaooeoeooo 
oioenmiiimmmmmiKKioooooooooooooooeoMooooaoeeBBOflaoaooooiooo^eoflooeQooBooooooeooeoo 
oi i m i m l m t m m I m m ooooo ooo M ooooeooeoBoo eoooaaaeoeoo ooo oo o oeoooo eoooo ooo o« ooo oo eoa eeoe 
oiiiiimiimiiiiiiimiiiiiiQoooooooaoaooeooeeooaoooaoaeooaoaoaaooooaoofleooooBoaeoeBoaooootiia 
oiiitmmmmtmmmiooBMoeaoBoeaoooooooaoaaeooaoooaoooooBoooooooooooMooeoooooooooimo 
oi i m i 111 I i I 1111 I I 11 I l I i i I ao aoooo oooaoooooo o 8oo aeo oeoo aoooo oeoeo ooooo oo BBooooo oooao ooaoaoo i m o 
ei I i i u i m i m i m m m i i oo aoooo oooo o oo eo o oooooeo ooooooooo oeoeo oooooooooooooooooooooeoooi i I 11 I 
oi i i i l i i m i n 11111 t m i i i ooo oaooo Boeao oo oo ooooo oeo aeoo aooofl 800 oo ooeeo oo oeooooo ooo oo eo ooo o 1111 n 
oi i m 11111 m 111 m i 11 i 11 loeooooeoo ooo eaoe OOQBOOOB BBOO BBeoo ooaaa eo a Boaoaoaoaeo aoo oe eeoooim m 
oi l m 1111 m 1111 m o oo o aoooaocoo ooooo ooeooooo oaoo ooeoooaeoo eo ooooo o esoooo ooooo sao ao aoess oa oai la 

Fig. 3: Two dimensional MESFET. Left: the geometry and the doping n^; Right: the transport ef­
fect. The integers denote the integer part of ten times the transport effect: 10rp, /u2 + u2 + t?J + v2 1. 
If it is larger than 9, then 9 is shown. 

From these two examples we can conclude that, in device simulations, the transport effect is 
not uniformly small. This justifies the usage of hyperbolic based shock capturing schemes (e.g., [5]) 
for device simulation. It also justifies the usage of the full HD model. 

II. TEST FOR HYPERBOLICITY. 

In this section, we would like to discuss the hyperbolicity check of the first derivative part in 
the following Eqn. (2), for the HD model, the modified HD model in [13], and for the ET model in 
[7]. Both HD and ET models can be expressed in the following form: 

wt + fi(w)x + f2(w)y = r(io), (2) 

where the right-hand-side r(w) contains both the forcing terms due to the relaxation, which are 
nonlinear functions of to, and the second derivative terms due to the heat conduction. The analysis 
of the first derivative component of the HD and ET models should not be confused with the 
mathematical classification of the complete systems (2). Exclusive of the Poisson equation, these 
are classified as parabolic/hyperbolic and parabolic, respectively. Such classification can be found 
in, e.g., [3]. Since we are interested in the situation that higher derivatives in the system have 
relatively small coefficients, and first derivative terms are either dominant or at least are significant, 
we will study only the first derivative part. 

The definition of the first derivative part f!(w)x + f2(w)y as hyperbolic is: £if{(w) + (,2f'2(w) 
with real £x and f2, has only real eigenvalues and a complete set of eigenvectors. If the first 
derivative part is hyperbolic, and if the first derivative part dominates the system or is at least 
significant, then hyperbolic based algorithms (like ENO) can be very effective. On the other hand, 
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if the first derivative part is not hyperbolic, the system is of mixed hyperbolic-elliptic type, and 
the mathematical theory about the solution to (2), when the right-hand-side tends to zero, is very 
complicated and in many cases still unsolved. Likewise, numerical methods for such mixed type 
systems are also complicated and under developed (see e.g., [12]). We would thus desire to avoid 
the appearance of mixed type first derivative part when modifying the models. Notice also that in 
many modifications to the hydrodynamic models (e.g., [13],[8]), the right-hand-side of Eqn. (2) is 
changed to contain some first derivative terms also. Although in practical computations these terms 
are treated as small perturbations and approximated separately, the justification that these terms 
are indeed "small" can only come from moving these terms to the left-hand-side, absorbing them 
into fi{w) and h{w), and then checking hyperbolicity. We have performed such a hyperbolicity 
check for the standard HD model, the modified HD model [13], and the ET model [7]. It is found 
that all three cases have hyperbolic first derivative parts. The details can be found in [6]. We 
have to resort to numerical techniques to check the hyperbolicity of the first derivative part for the 
modified HD model in [13]. 
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