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ABSTRACT 
A unique study of several previously reported computer simulations which solve the Boltzmann 

Transport Equation (BTE) for electrons in silicon has been completed. A total of 47 individuals represent
ing 19 laboratories in 6 countries participated in this comparison, with a total of 21 data sets contributed. 
Most of the simulations are based on the Monte Carlo particle technique, and have been used here to cal
culate a set of transport characteristics for intrinsic silicon at room temperature with a homogeneous elec
tric field. From a global perspective the results vary widely, but they provide for the first time a quantita
tive comparison of many silicon transport models. If we group the data sets according to their bandstruc-
ture models and compare groups to one another the separate effects of bandstructure and phonon scatter
ing rates can be seen. In the group of full-band models we observe a striking and unexpected agreement 
between 4 of the data sets, and the possible significance of this observation will be discussed. 

I. INTRODUCTION 

In this study, initiated within the National Center for Computational Electronics, we present a com
parison [1] of many of the computer simulation codes which have been developed throughout the world 
for simulating electron transport in silicon. A number of researchers solved the BTE (all but one using the 
Monte Carlo particle method) for a specific set of conditions, and the results of all of these simulations 
have been compiled allowing the first direct comparison of a broad spectrum of transport models. The 
focus of this study is on the physical models and how they might affect the calculated distributions, and 
not programmer-dependent qualities such as computational speed or the algorithms. 

Each simulation code was used to calculate the energy distribution of electrons in homogeneous, 
intrinsic silicon at room temperature with time-invariant applied electric fields of 30kV/cm, 150kV/cm 
and 300kV/cm. For each field, the percentage of electrons above l.leV, 1.8eV and 3.1eV were calcu
lated. 

II. RESULTS 

Each of the 21 data sets are listed after the references, with a brief description of the bandstructure 
model, a list references to the literature which describes the model, and the names of the contributors. It is 
useful to separate the data sets into three groups according to their bandstructure models, and all of the 
figures are organized according to this scheme. The first group (sets 1 through 7) consists of models 
which use effective mass bands; these are either spherical or ellipsoidal constant-energy surfaces, and can 
be either parabolic or nonparabolic. The second group (sets 8 through 16) contains data sets which use 
"fit" bandstructure models. These models differ from one another in detail but in principle they are all 
constructed of analytic functions which contain a number of adjustable parameters such that some proper
ties of the full bandstructure of silicon at higher energies can be emulated, while retaining the simplicity 
of analytical expressions. For example, the bandstructure may be fit to the density-of-states extracted from 
a full bandstructure calculation. Set number 8 is included in the fit-band group although it uses only effec
tive-mass bands, but since it uses both X- and L-valleys it is similar to the other models in this group. The 
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third group (sets 17 through 21) consists of the full-band Monte Carlo simulations where the £(k) relation 
is calculated using the pseudopotential method, tabulated on a three-dimensional grid in k-space, and 
interpolated as needed during the monte carlo simulation. 

All data sets except 19, 20, and 21 use electron-phonon models based on phenomenological cou
pling constants. Both the acoustic deformation potential and the intervalley coupling constants are 
adjusted to reproduce (some) measured data. Data sets 19 through 21 represent the newest attempts at 
physical models for the transport without any fitting parameters per se. In these transport models the 
pseudopotential description of the crystal is used to calculate both the bandstructure and the electron-
phonon interaction, thus treating the free propagation of the electron on the same footing with scattering. 

Figures 1(a) through (c) show the total electron-phonon scattering rates (emission plus absorption) 
for the effective mass, fit-, and full-band groups of data, respectively. Although this is an incomplete rep
resentation of any particular transport model - the relative magnitudes of rates for different mechanisms 
and the impact ionization rate are not shown - it does give some indication about structure in the elec
tronic density-of-states and the strength of the electron-phonon coupling used in the model. At high elec
tric fields the impact ionization scattering rate may have a strong effect on the electron energy distribution 
and the details of the ionization scattering rates can be found in the references given for each data set. 

Figures 2(a) through (c) show the energy distribution of electrons for 30kV/cm, for the three groups 
of data. Each of the three groups has one model with a much more highly populated tail than the others 
(sets 2, 10, and 19). The model for set number 2 uses a parabolic, spherical band resulting in a low scat
tering rate and large population at high energies. In order to understand Figure 2 further we use the effec-
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tive deformation potential (DK);J = [ £ A2 p and effective phonon energy (Jico)f = 2 £ —— for 

the conduction band edge, which were introduced in [14]. The subscripts ij indicate a pair of conduction 
band minima and A, is the coupling constant for phonon branch 77. Averaging {DK)tj and (Jio))ij over all 
possible minima ij give average effective scattering parameters shown for each model in Fig. 3. The 
arrows on Fig. 3 indicate the three apparently outlying data sets of Fig. 2, showing that these data sets 
have the smallest average coupling < (DK) > in their respective groups. Judging from the fit- and full-
band data, at lower fields (30kV/cm in this case) the electron-phonon coupling has the strongest influence 
on the tail of the distribution. 

Figure 4 shows the three groups of data as in Figure 2, for an applied electric field of 150kV/cm. In 
Fig. 4(a) we see again that due to the bandstructure model used in set 2 it falls far from the nonparabolic 
band models. The fit-band model distributions shown in Fig. 4(b) exhibit considerable scatter in the tail 
populations at this intermediate field value. The consistency among the full-band models is improving as 
the field is increased, with set 19 still showing a much larger population at high energies. 

The electron distributions for an applied electric field of 300kV/cm are shown in Figure 5. For the 
effective mass bands, Fig. 5(a), the non-parabolic models predict more consistent distributions than do the 
fit-band models of Fig. 5(b), and the agreement among the full-band models has improved over the 
150k V/cm case. This observation concerning the full-band models is unexpected since the electron-
phonon interaction models differ dramatically, from phenomenological coupling constants of models 17 
and 18, to the pseudopotential-based, anisotropic coupling of models 19, 20, and 21, and quite different 
impact ionization models. This suggests that at higher electric fields the bandstructure has more influence 
on the electron distribution; the fit-band models, which use a variety of analytic expressions and fitting 
schemes to determine the bandstructure give widely varying results at higher fields. The non-parabolic, 
effective mass band models (excluding for the moment the spherical-parabolic model of set 2) and full-
band models, which have well-defined, consistent bandstructures from one model to another, become 
more consistent with one another at higher fields. It is important to note that consistent results among any 
group of models does not necessarily indicate that they are close to the correct result. 
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Figures 6 and 7 show information about the integrated distribution, fraction of electrons above 
l.leV (near the impact ionization threshold) for an applied field of 150kV/cm, and the average energy for 
each data set at 150 and 300kV/cm. These figures emphasize the disagreement across all data sets, as we 
observe that the average energy varies by a factor of 5 at these fields (a factor which becomes worse at 
lower fields). 

III. CONCLUSION 

In summary, we can say that the disagreement among the results is unacceptably large, and from a 
global perspective the data is discouraging, but by dividing the data into groups according to the band-
structure models we see that some encouraging trends exhibit themselves. In addition, the data hints at 
some potentially fundamental observations about the relative role of bandstructure and electron-phonon 
scattering in different field ranges: At higher fields the distribution is much less dependent on the details 
of the scattering rates and is determined largely by the bandstructure. These conclusions are tentative at 
best, but they indicate the kind of information that is available, and the importance of such broad-based 
studies. 
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Figure 1. Electron-phonon scattering rates for (a) effective mass band models, (b) fit-band models, 
and (c) full-band models. 
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Figure 2. Electron distribution for an applied electric field = 30 kV/cm, for (a) effective mass band 
models, (b) fit-band models, and (c) full-band models. 
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Figure 3. Effective intervalley deformation potential and effective intervalley phonon energy for each 
data set. 
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Figures 4 and 5. Electron distribution for 150kV/cm (Fig.4) and 300kV/cm (Fig.5), for 
(a) effective mass band models, (b) fit-band models, and (c) full-band models. 
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Figure 6. Fraction of electrons above 1 .leV; 
applied electric field = 150kV/cm. ' 
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Figure 7. Average electron energy for each 
setat150and300kV/cm. 
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