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Abstract

The paper describes the application of stochastic differential equation (SDE) theory to
the modeling of electron transport in semiconductors. The differential equations which
describe semiclassical transport of electrons in semiconductors (and which are used in
Monte Carlo simulations) can be interpreted as stochastic differential equations driven
by inhomogenous randomly weighted Poisson processes. The Poisson process models
scattering phenomena in momentum space. The solution of these stochastic differential
equations is a Markov process which is usually characterized by a transition probability
density function. It is well known in the theory of SDE that this transition probability
density satisfies the forward Kolmogorov-Feller equation. The integration of the transition
probability function over the initial conditions leads to the electron distribution function.
Thus, integrating the Kolmogorov-Feller equation over the initial conditions, we arrive at
the linear Boltzman transport equation of semiconductor devices theory.

In the paper, we will explore the described connection between SDE theory and semiclas-
sical transport in semiconductors. In particular, the theory of SDE will be applied to the
rigorous derivation of the drift-diffusion mmodel, expressions for the electron mobility and
diffusivity, ctc. Furthermore, some transport models will be presented which may lead to
the efficient computation of the clectron distribution function.

1. ELECTRON MOTION DESCRIBED BY STOCHASTIC
DIFFERENTIAL EQUATIONS

According to semi-classical transport theory, an electron in a semiconductor drifts under
the influence of a macroscopic electric field and experiences occasional random jumps in
its momentum due to different scattering mechanisms in the crystal, such as, acoustic and
optical phonons, ionized impurities, ctc. This motion of an electron can be described by
the following stochastic differential equation:
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where Z, ¥ and k are the electron position, drift velocity and wave vector, respectively, E
is the electric field, e(k) is the energy-wavevector relationship in the given energy band
and F} is the random impulse force on the electron due to scattering.

The random force is characterized by the scattering rate )\(g) and the transition rate
S(k, k). The probability of scattering is given by

L vr ,
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Therefore, given the clectron wave vector k, A(k)At is the probability that a jump in
momentum will occur in a simall time interval At. Assuming that a scattering event has
occurred at some time ¢;, the probability density function for the amplitude of the jump
is given by,

pi, (i) = (5)

where k(t]) = k; and ki) = ki + ;.

2. THE CONNECTION BETWEEN CLASSICAL TRANSPORT THEORY
AND THE THEORY OF STOCHASTIC DIFFERENTIAL EQUATIONS

The stochastic differential equations (1) and (2) together with (3)-(5) define a compound

Poisson process which is discontinuous in k-space and is a Markov process . In stochastic
differential equation theory, such a process is usually characterized by a transition density
function g, which satisfies the Kolmogorov-Feller forward equation, (for instance, see Refs.
{1] and {2]). As a result, the corresponding equation for the above process is derived to be
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where Zy, Eg are the initial clectron position and wave vector at some time s < t. Inte-
grating (6) over the probability density function of the initial state p, we obtain the linear
Boltzman transport equation:
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where f is the electron distribution function defined as
f(f, ;“jrt) = /g(‘gﬂ, I"-:O, N :E: E)t)pfo,ﬁo,s("g(h Eo)dfodgo (8)

Therefore, the lincar Boltzman transport equation corresponds to the Kolmogorov-Feller
forward equation for the Markov process defined in Eqs. (1)-(5). This result is quite
significant since it establishes a direct connection between classical transport theory and
the theory of stochastic differential equations. This makes it possible to apply the ma-
chinery of stochastic differential equations to semiconductor device modeling and provides



additional insight into the structure of the transport models and the underlying physical
processes.

3. DERIVATION OF THE DRIFT-DIFFUSION MODEL
BASED ON SDE THEORY

In this section, we will present the rigorous derivation of the drift-diffusion model based on
the theory of SDE. According to the stochastic differential equation (2), the momentum

of an electron varies due to the electric field E and the random scattering force F.. The
expected value of this random force can be computed from (3)-(5) and 1s given by the
following expression:

Fo(F) = E{ﬁ} = /53(2.?, ko @)dd (9)
Substituting (9) into (2), one obtains the following set of equations:
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where I:“;? is the zero mean component of the random force. This representation of the
clectron motion is quite informative at the physical level. According to this representation,

the electron momentum varies due to the electric field E, a momentum dependent drag
force F and a zero mean fluctuating force F;?

In order to derive the drift-diffusion equation, four basic assumptions are made on the
random process. First, it is assumed that the energy band is spherical and parabolic.

This implies that hk = m.¥, where m, is the effective mass of the electron.

The second assumption is made on the momentum dependent drag force. In (9), it is
assumed that the wavevector k is small and that the transition rate S(Z Et) and the
scattering rate )\(L) can be approximated by their values at k = 0. Noting that S(0, k )
is an even function of k', the momentwn dependent drag force is approximated to be

Fr ~ —A0)m,v.

The third assumption is to approximate the zero mean random force f‘f by a white noise

process. That is, F? =~ ¢dW,/dt, where o is the variance of the random process and W;
is a standard zcro mean Wiener process.

Based on these approximations, the random motion of the electron can now be described
by the following stochastic diffcrential equations:
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The fourth and final approximation is to neglect the inertia of the electron and assume
that m.dv/dt = 0. As a result, we obtain the following stochastic differential equation:

. A(O) Edt+ ——m5 me/\(O) dWe. (14)
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This is a differential equation driven by white noise and it describes the evolution of
a continuous Markov process. Such a process is usually characterized by a transition
probability density function which satisfies the forward Kolmogorov equation [1}. Similar
to the analysis in the previous section, the corresponding forward Kolmogorov equation
for this process is integrated over the initial distribution function. This results in the
following equation:

on g = 1 o
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Here, we observe that Eq. (15) is, in fact, the drift-diffusion equation. Hence, it is easy
to show that the electron mobility and diffusivity are given by the following expressions:
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Hence, we have obtained the expressions for the low field electron mobility and diffusivity
in terms of the transition rate A. For instance, the electron mobility for silicon can easily
be computed by taking Aacoustic(0) & 10'% sec™?, Aoprica1(0) = 10! sec™! (Ref. [3]), and
m, = 1.08m,. Since, the total scattering rate is the sum of the individual scattering rates,
one obtains yu, = 1478 ¢cm?/V-sec which is in agreement with the reported values of low
field electron mobility in silicon.

4. A TRANSPORT MODEL BASED ON SDE THEORY

The Boltzman transport cquation is an integro-differential equation and does not lend
itself to efficient numerical computations. In order to obtain transport equations which
are more suitable for efficient numerical implementation, the integral operator in the
Boltzman transport equation can be approximated by a second order differential operator.

It turns out that this is equivalent to approximating the zero mean fluctuating force F? by
a zero mean Wiener process whose variance is equal to the momentum dependent variance
of the original process. This results in the following partial differential equation for the
electron distribution function:
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From the computational point of view, this partial differential equation is simpler to solve
than the Boltzman equation.
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