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Abstract - Acoustic phonon scattering is known to play an
important role in accurately describing hole-transport in
semiconductors such as Si and Ge. However, it has been difficult to
treat accurately and efficiently due to its dispersion relationship,
thus it is often treated as an elastic process or by using constant
phonon energy. Here we present an efficient approach for handling
inelastic acoustic phonon scattering taking into account the full
dispersion relationship. The proposed method unlike previous
methods makes no assumption about the carrier distribution
function, thus it is suitable for application within a device
environment. The model is able to reproduce accurately the
velocity-field characteristics over a wide-range of temperatures.
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I.

INTRODUCTION

The Monte Carlo (MC) algorithm has rapidly become a very
powerful tool for providing numerical solutions for a wide
variety of complex physical problems [1], such as the
Boltzmann Transport (BTE) equation enabling the simulation of
carrier transport in semiconductors [2].
However, for a MC simulator to provide an accurate solution
of the BTE, it is necessary to provide physical models to
describe efficiently both the bandstructure and the scattering
mechanisms. Here a 6-band k•p model is employed, which
allows for the incorporation of spin-orbit coupling and strain in a
self-consistent way within the Hamiltonian [3], capturing the
appropriate anisotropy of the valence bands and strain as
applicable and illustrated in Fig. 1 for relaxed and strained Ge.
One of the most important intrinsic scattering mechanisms in
the simulation of hole transport in Si and Ge are acoustic
phonons, where the phonon energy is heavily dependent on the
momentum transfer, q, which complicates matters. A frequently
employed approximation is the elastic equi-partition
approximation. However, this approximation is not well suited
for the modelling of hole transport [4], as acoustic phonon

scattering is important for accurate modelling of inter-band
scattering between the light (LH) and heavy (HH) hole bands.

Fig. 1. Energy isosurface for the heavy hole band at 50meV for relaxed (left)
and compressively strained (right) Ge (~2%) calculated using 6-band kyp.

One approach to overcome this limitation has been to take an
average of the acoustic phonon energies and the corresponding
momentum transfer [5]. This model demonstrates good
agreement with experimental bulk velocity-field characteristics
for a variety of temperatures. However, the averaging proposed
relies on approximating the carrier distribution with a MaxwellBoltzmann distribution with a well-defined carrier temperature.
While this is sufficient for bulk, undoped simulations, it would
be difficult within a device framework, where the carrier
temperature can vary significantly throughout the device. The
use of a Fermi-Dirac distribution, as required for modelling
carrier transport within modern semiconductor devices [6],
would require the averaging to be weighted by the probability
that the final state is vacant, thus the averaged phonon energy
obtained would be different for emission and absorption
processes. An additional deficiency of this model is that due to
an average momentum transfer being employed, the scattering
rate no longer has a dependence on q. Previous studies [7,8]
have noted that this can be an important effect in the warped
valance bands of Si and Ge. The methodology we propose here
overcomes all of these potential difficulties yet remains
computationally efficient.

TREATEMENT OF INELASTIC ACOUSTIC PHONON
SCATTERING

As commented previously, in the case of acoustic phonon
scattering, the phonon energy is dependent on the momentum
transfer. The scattering rate for acoustic phonon scattering within
the Born approximation is given by:
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Here the upper symbol denotes emission and lower absorption.
The squared matrix element is in turn given by:
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where Δαac is the acoustic deformation potential for the particular
acoustic mode α (longitudinal or transverse). Nq the Bose2
Einstein phonon population and for the overlap integral I k,k+q
, the
approximations of Wiley are employed [9]. The dispersion
describing the relationship between the momentum transfer, q,
and the phonon energy is given by:
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where the maximum phonon frequency for mode α is given by
α
α
ω max
= 4cα a , with c is the associated velocity of sound and a is
the lattice constant of the material. The acoustic phonon
velocities are obtained by taking an average over all
crystallographic directions, obtained from a solution of the
Christoffel equation [10], for each of the individual polarization
modes, as shown in Fig. 2. This approach is justified, the
averaged error being less than 5% for all modes.
The integrand in (1) is discontinuous requiring the
determination of a self-consistent solution of the momentum q
and energy constraints ω α ( q) as given by:

k f = ki ± q

(4)

E ( k f ) = E ( ki ) − ΔE fi ± ω α ( q )

(5)

where i and f denote the initial and final states respectively and
ΔEfi the energy separation between initial and final states,
assuming one exists.
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Fig. 2. Inverse velocities for different acoustic phonon modes in the x-y plane
for relaxed Ge.

The integral described in (1) is not only time-consuming for both
the determination of the scattering rate and the state after
scattering, but the discontinuous nature of the integrand makes
numerical integration unreliable. Our approach is to employ a
change of variable to integration over q, thus the scattering rate is
now given by:
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The limits of integration on q taking into account both Normal
and Umklapp processes are chosen to ensure conservation of
energy and momentum combining (4) and (5). The integrand is
now continuous within these limits, which can be pre-calculated
for each initial state and stored for future use. In this framework a
rejection technique is used to select the final state, where q is
randomly selected within these limits previously determined and
the energy exchange is given by (3). Our methodology satisfies
the important requirement of detailed balance [11] and make no
assumption about the carrier distribution, thus it is suitable for
application within MC simulations of modern nano-scale devices.
III.

RESULTS AND DISCUSSION

A. Calibration and verfication of simulator
The coupling constants for the phonon scattering mechanisms
(acoustic and optical) have been calibrated to match experimental
velocity-field data [11,12] for Si and Ge over a wide range of
temperatures employing only a single set of parameters as shown
in Figs. 3 and 4 respectively.
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Fig. 5. Modelling in undoped Ge as a function of strain and orientation,
illustrating the preferential combination to be 〈⎯110〉(110).

Fig. 3. Simulated velocity-field characteristics from 77K to 370K in relaxed,
bulk Si, including only acoustic and optical phonon scattering compared to
available experimental work.
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Fig. 4. Simulated velocity-field characteristics from 77K to 300K in relaxed,
bulk Ge, including only acoustic and optical phonon scattering compared to
available experimental work.

Inclusion of the complex anisotropic bandstructure
obtained here through the use of a 6-band k•p approach along
with an accurate description of the relevant scattering
mechanisms is necessary to obtain good agreement over a wide
range of temperatures and electric fields, as well to explain the
complex interaction between channel and substrate in the
presence of strain. This is illustrated in Fig. 5, where we present
the hole mobility in undoped strained Ge layers for the three
major substrate orientations: (001), (110) and (111), along with a
variety of channel orientations, with (110) substrate coupled with
〈⎯110〉 channel direction demonstrating the highest mobility. In
our previous work [13] we demonstrated that a general increase
in mobility resulting from the application of strain was due to
changes to the E-k relationship in different orientations.

B. Impact of Inelastic Acoustic Phonon Scattering
Mobility and HH band occupations as a function of biaxial
strain in Ge and Si are illustrated in Figs. 6 and 7 respectively.
This is for a Si1-xGex substrate (applying compressive strain in
Ge and tensile in Si), for a 〈110〉 channel orientation (this being
the standard channel orientation employed with modern pMOSFETs) on both (001) and (110) surfaces employing for
comparison the equi-partition elastic approximation and the
methodology for inelastic acoustic phonons described here. We
observe that the difference between the inelastic and elastic
phonon scattering decreases with temperature, as expected since
the ratio ω ( q) kBT decreases with temperature. Inelastic

acoustic phonons have a greater effect for the (100) surfaces
than (110) as the warped nature of the valence bands
predominately favours a larger scattering angle for this surface
orientation as compared to (110) as has been noted previously
[7,8]. Tensile strain in Si causes the conductivity mass in the
〈⎯110〉(110) case to increase, reducing the mobility, while
compressive strain as in the case of strained Ge on a Si1-xGex
substrate causes a corresponding decrease. Additionally the
strain induced band-spitting is greater in Si causing a larger
discrepancy between the simulations using the different acoustic
phonon scattering approaches, than in the case of Ge, as elastic
phonon scattering obviously fails to accurately capture the interband acoustic phonon scattering in the presence of band splitting
between the heavy and light hole bands. As a result the impact
of inelastic acoustic phonons scattering is greatest at moderate
values of strain, where the band-splitting is comparable to the
acoustic phonon energy.
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Ensemble Monte Carlo simulations have been carried out
employing an efficient and accurate method for the inclusion of
the full inelastic acoustic phonon dispersion curve.
We have studied the impact of inelastic acoustic phonon
scattering on the hole mobility in relaxed and strained Si and Ge
for a range of temperatures. It is observed that there is an
anisotropic impact on the mobility due to the use of inelastic
acoustic phonon scattering, with a greater impact observed for
the (001) orientation due to the warped valence band structure.
Tis is complemented by an increased impact with strain, due to
the removal of the degeneracy of the heavy and light hole bands
at the Γ point. Coupled with the observed differences between
the elastic and inelastic simulations the above illustrates that
inclusion of inelastic acoustic phonon scattering, is required for
a complete accurate simulation of carrier mobilities in strained
Si and Ge, even at moderate temperatures that might be
encountered within the operation conditions of modern nanoscale devices.
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Fig. 6. (a) Mobility and (b) HH band occupation in compressively strained Ge
for a 〈110〉 channel on (001) and (110) substrates, employing elastic and inelastic
treatment for acoustic phonon scattering over a range of temperatures.
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